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Not in this talk
(but in my thesis)
IS work on:

de Sitter space,

Yang black holes,

T-dual magnons.




(T IR gp X X

2 AdS/CFT

[Maldacena, 1997]

(in the best-studied example)
says that

% lIB superstrings on AdSs x S5

and
< Planar N=4 SYM
are secretly the same theory...

... just written in variables which
we understand in opposite limits.




N=4 Super-Yang-Mills theory

2 I _
Sym = 2 d*xTr (%FWF“” + 50,0iD" i — 3161, 01l @] + 3XDx — s XTilés, X])
YM

Symmetries:

% SU(N) gauge symmetry. All fields in the adjoint.

+ fermionic

% s0(2,4) conformal symmetry (including A).
generators

< s0(B) = su(4) R-symmetry. Scalars in the 6. = psu(2,214).




N=4 Super-Yang-Mills theory

2 I _
Sym = 2 d*xTr (%FWF“” + 50,0iD" i — 3161, 01l @] + 3XDx — s XTilés, X])
YM

Symmetries:

% SU(N) gauge symmetry. All fields in the adjoint.

+ fermionic
generators

< s0(B) = su(4) R-symmetry. Scalars in the 6. = psu(2,214).

% s0(2,4) conformal symmetry (including A).

What we’'re interested in calculating is the conformal dimensions A

of operators: 0AB
(OaX)08)) = (125000

The path integral is:

so g4y, plays the same role as 7 .




Planar? Consider just the scalars:
Each propagator is:

<¢i ab(x)gbj cd( )> =

and the vertices are: \\ 1 \/ 1
ﬁ g%//\/] A g?/M.
) —V

so altogether, a given diagram will go as N" (9m

vV

E_
_ NV—E+F (g%/MN)




Planar? Consider just the scalars:
Each propagator is:

<¢Uab(x)¢vcd( )> =

and the vertices are: \\ 1 \/ B
VN Y VAN n
)E—V

so altogether, a given diagram will go as N" (9m

)E—V

= NV—5+F (Q%/MN = NX)\E-V

The idea is: we can use 1/N 2 as an alternative expansion parameter.
This counts genus, just as in string theory. ,
At large N, the effective field theory coupling is A = g5,N . ['t Hooft, 1974]




Strings in AdS;5 x S°
The bosonic action (in conformal gauge) reads:

8_4 (ﬁaY 0%Y — AN(YZ +1) + 0:X- 03X — N(X - X —1))
Ta'

& Groups SO(2,4) and SO(6) describe rotations of R>*and R°.

PSU(2,2|4)
SO(4,1) x SO(5)

In fact AdSs x S° is the bosonic part of

% Notice that only R/ Vo' appears, and R > v« is the classical limit:




Strings in AdS;5 x S°
The bosonic action (in conformal gauge) reads:

S = (aav 0%Y — AN(YZ +1) + 0:X- 03X — N(X - X —1))

47'('04

& Groups SO(2,4) and SO(6) describe rotations of R>*and R°.
PSU(2, 2|4)

SO(4,1) x SO(5)

< Notice that only R/ o/ appears, and R > /o’ is the classical limit:

2
Z=/DX...exp( A /dzxﬁ)

We’ll mostly work in R x S°with t = Tags,
and will need charges

In fact AdSs x S° is the bosonic part of

A
— \/—; / dx (X10tXo — Xo0:X1)  and Q sim. with X3 & X4

2
=Q/dx1
-




AdS/CFT says that the parameters of the two theories are related

4
\/&) =)\=g$/MN

2
47Tgstring = Jym

Perturbative YM: 1+ X+ A2 + ...
Semiclassical strings: 1+ 1/VA+1/\+ ...




AdS/CFT says that the parameters of the two theories are related

4
\/&) =)\=g$/MN

2
47Tgstring = Jym

Perturbative YM: 1+ X+ A2 + ...
Semiclassical strings: 1+ 1/VA+1/\+ ...

Large-J Limits

One view is that large N is a made-up parameter (N = 3 for QCD)

to help us at strong coupling.
[Berenstein, Maldacena, Nastase 2002]

The idea of BMN was to smuggle in one more parameter:
let one of the so(6) charges, J, become very large.

In their original limit, this allowed them to access both sides:
effective gauge coupling )\ = \/J?small while ) large.
We’'ll instead keep J and independent.




Spin Chains (6666 6-9)
FuPNEy

When working out A, we evaluate diagrams (0, 0) = =
whose (planar!) loop expansion reads: IEIEED

|

(0,0) = + v || | e

@sbsbw---sb) <¢¢¢>¢¢---¢> <¢¢>¢¢¢---¢>

In the SU(2) sector, one-loop A-J is the Heisenberg spin chain Hamiltonian:
[Minahan & Zarembo, 2002]

H=ZH/’=%ZS/'S/+1
I /

as long as we interpret Tr(Z2ZZzXz2zxzzzZ)= ||| [TlITll].




Spin Chains (6666 6-9)
FuPNEy

When working out A, we evaluate diagrams (0, 0) = =
whose (planar!) loop expansion reads: IEIEED

|

<050> _ 4+ + <ilfi> +...
<¢>¢>¢¢></>---¢> <¢¢¢>¢¢---¢> <¢¢>¢¢¢---¢>

In the SU(2) sector, one-loop A-J is the Heisenberg spin chain Hamiltonian:
[Minahan & Zarembo, 2002]

H=ZH/'=%ZS/'S/+1
I /

as long as we interpret Tr(Z2ZZzXz2zxzzzZ)= ||| [TlITll].

And this system has spin-flip excitations called magnons,
which have

e = i (E)

7 2

Larger su(2l3) sector with length-changing operators: derive from symmetry.
[Inés, friday morning] [Beisert, 2004]

The earlier BMN operators had p ~ 1/J « 1, here we allow this to be order 1.




The Bethe Ansatz
From these magnons, one can exactly solve the system.

Write one magnon as |p) = Y, €P¥ |x)
then his anstaz for two-magnon energy eigenstates was

p1,P2) = ) (eip1x1+ip2X2 + 5(P1,P2)eip1X2+ip2X1) X1, X2)

X1,X2

where S(p1,p2) is the two-particle S-matrix. [Bethe, 1331]

You can go on to diagonalise the n-magnon sector using the fact that
the S-matrix factorises: this is an integrable system.

(Analytic BA: [Faddeev etal.] )




The Bethe Ansatz

From these magnons, one can exactly solve the system.

Write one magnon as |p) = Y, €P¥ |x)
then his anstaz for two-magnon energy eigenstates was

p1,P2) = ) (eip1x1+ip2X2 + 5(P1,P2)eip1X2+ip2X1) X1, X2)

X1,X2

where S(p1,p2) is the two-particle S-matrix. [Bethe, 1331]

You can go on to diagonalise the n-magnon sector using the fact that
the S-matrix factorises: this is an integrable system.

Extensions (Analytic BA: [Faddeev etal.] )

This is a completely trivial sector of AAS/CFT. Try to extend...
Full theory, four loops. [Beisert 2004] & references!

All-loop conjectures.  Gromov & Vieira, Arutynov, Frolov, Staudacher, ...
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Are the string solutions dual to spin chain excitations, with finite p.

Explicitly:
X0 =t
X'+ iX2 = el (v +iv/1— v2tanh u)
X3 =+/1— v2sechu.

[Hofman & Maldacena, 2006]

X—vt
V1i—v2
and the worldsheet velocity is
Vv = cos(p/2)

where u =

The dispersion relation is

a—="sin (B

2

T

The periodic p is now the opening
angle along the equator.

We need several magnons to
make up a closed string:

> pi=0mod 27
j




Dyonic Giant Magnons

are solutions with a second large angular momentum Q ~ VA

dual to a bound state of Q impurities.

A_J=¢oz+%smz (2)

These live in S 3, |
X' +iX? = e cos 4(u)

X3 +iX* = €“!'sin64(u)

Metric ds® = d6? + sin® 0 d¢? + cos? 0 dq?,
ansatz ¢ =t, ¢ =wt and 60 = 0(u).

(Actually found using complex sine-gordon.)

[Dorey 2006]
[Chen, Dorey, Okamura, 2006]




We’'ll discuss two other points of view:
Map is

cosa =0, X-0_X.
[ String sigma-model ] Giant Magnon is sent to the kink:

o = —4arctan(e™Y)
with energy

8
Es.g = 87 =

sin(p/2)

[ Sine-gordon theory J

Worldsheet manifest,
\X but charges opaque.

[ Algebraic Curves ] _arger sectors:
Grigoriev & Tseytlin]
Worldsheet integrated over, Mikhailov & Schafer-Nameki]
but charges clear.




Scattering Magnons

on the worldsheet.

Exact solution:

X' +iX? = e <1+

A+iB)

W1 —v2 coshug—,/1 — vz cosh uy

A (vi — v2) cosh uy cosh u

B=(vy — W) <\/1 — vZsinh uy cosh ux — /1 — v& cosh v sinh u2>

[Spradlin & Volovich, 20[]5] D = \/1 — v12\/1 — v2 (1 +sinh uy sinh tp) — (1 — vq v2) cosh uy cosh ws.

V1 —V2




The Pohimeyer map

sends that to this: H

...which is a Lorentz
boost of this:

L 7

-10 0 10

cosh(yvt
. which is very simple: tan = = (yvt)

4 = v sinh(7x)
V11— V2

We can read off the time delay Af, _, =2 y log v
and then integrate it to find the phase shift: %51’2 = Aty o,
! e,
l.e. 01 2 =

0

Here £E=A — J = Slnp

while for sine- gordon you would use Esg [Hoffman & Maldacena, 2006]




We've at J =
N = oo
A=00 (Or A < 1)

Finite \: Semiclassical quantisation...  [Minahan 2006]
[Papathanasiou & Spradlin 2007]

Finite J:
y

% String solutions: explicitly find periodic solutions

< Sine-gordon solutions L/

[Arutynov, Frolov, Zamaklar, 2006]

[Astolfi, Forini, Grignani, Semenoff]
[Okamura & Suzuki 2006]

3¢ oc sin® (5) e728/¢




We've at J =
N = ¢
A=o00 (Or A < 1)

Finite \: Semiclassical quantisation...  [Mmahan 2005

Finite J:

[Papathanasiou & Spradlin 2007

Semiclassical quantisation
of the ‘Single Spike’

[MCA & Aniceto, 2008

\d

.//

% String solutions: explicitly find periodic solutions

% Sine-gordon solutions

|

[Arutynov, Frolov, Zamaklar, 2006]

[Astolfi, Forini, Grignani, Semenoff]
[Okamura & Suzuki 2006]

5€ x sin® (g) e—20/¢




Semiclassical quantisation
We've at J = ¢ of the ‘Single Spike’

N = oo [MCA & Aniceto, 2008
A=o0 (or A< 1)

Finite \: Semiclassical quantisation... [Minahan 2006 w

[Papathanasiou & Spradlin 2007

Finite J:
.//
String solutions: explicitly find periodic solutions

Sine-gordon solutions w

Algebraic Curves [Minahan & Sax, 2008] [Vicedo, 2008]
[Lukowski & Sax, 2008]

Lusher formula

[Arutynov, Frolov, Zamaklar, 2006]
[Janik & Lukowski] [Astolfi, Forini, Grignani, Semenoff]
TBA [Gromov, Schafer-Nameki, Vieira] [Okamura & Suzuki 2006]

- . 3 (P\ -2a/¢
Konishi Operator Keeler & Mann 0& oc SIn (2) e

[Flamberti, Santambrogio, Sieg Zanon]







The action is:
k

T 4
1 1 1
+o5 YAV PYRY OV + S VAYRY PYY Oy - S vAY Y PYRY OY

2 A ; 2 . A4
S >z tr lé’uy)\ (A,ua,/A)\ -+ § AMAVA)\ — Aué’,,AA — § AHAVA)\) -+ DMYjD’uYA

1 :
3 YAYLY YTy By] + fermlonS] , [Aharony, Bergman, Jafferis, Maldacena, 2008]

Symmetries
% Conformal theory in 2+1 dimensions: so(2,3)

% Four complex scalars in 4 of su(4) R-symmetry:
YA = (A1, A, B}, Bl)

< U(N) x U(N) gauge symmetry, scalars in (N, N).




The action is:
_
 Ag

1

S

12 12

2 A ; 2 . A4
>z tr [g'w/)\ (A,ua,/A)\ -+ § AMAVA)\ — Aué’,,AA — § ANAVA)\> -+ DMYjD’uYA

AvtvButvCut | 1 vAuvtuBuivOut L vAutuButyCut
F VAYIVEVIY Oyl 4 Sy Yy By Oy ] - Sy Ay iy Py ly Oy

1 :
3 YAYLY YTy By] + fermlonS] , [Aharony, Bergman, Jafferis, Maldacena, 2008]

Symmetries
% Conformal theory in 2+1 dimensions: so(2,3)

% Four complex scalars in 4 of su(4) R-symmetry:
YA = (A1, A, B}, Bl)

< U(N) x U(N) gauge symmetry, scalars in (N, N).

Previous case:

6 of so(6)

Adjoint SU(N)




The action is:

k
47

2 A ; 2 . A4
S = — >z tr [g'w/)\ (A,ua,/A)\ -+ § AMAVA)\ — Aué’,,AA — § ANA,/A)\> -+ DMYjD’uYA

1

12° 4 BT 709

1

+3 YAYLY YTy By] + fermions] ,
Symmetries

% Conformal theory in 2+1 dimensions: so(2,3)

% Four complex scalars in 4 of su(4) R-symmetry:

YA = (A4, Az, B], Bl)

% U(N) x U(N) gauge symmetry, scalars in (N,

Consider long ‘alternating’ operators:
atr YAYL vRyl

N).

- YAYL

AvtvButvCut | 1 vAuvtuBuivOut L vAutuButyCut
F VATV EYIY O] 4 Sy iy By iy O] - Sy Ay Prlv Oy

[Aharony, Bergman, Jafferis, Maldacena, 2008]

Previous case:

6 of so(6)

Adjoint SU(N)




The action is:
_
 Ag

1

S

12 12

1
+3 YAYLY YTy By] + fermions] ,

Symmetries

2 A ; 2 . A4
>z tr [g'w/)\ (A,ua,/A)\ -+ § AMAVA)\ — Aué’,,AA — § ANAVA)\> -+ DMYjD’uYA

AvtvButvCut | 1 vAuvtuBuivOut L vAutuButyCut
F VAYIVEVIY Oyl 4 Sy Yy By Oy ] - Sy Ay iy Py ly Oy

[Aharony, Bergman, Jafferis, Maldacena, 2008]

% Conformal theory in 2+1 dimensions: so(2,3)

% Four complex scalars in 4 of su(4) R-symmetry:

YA = (A4, Az, B], Bl)

< U(N) x U(N) gauge symmetry, scalars in (N, N).

Consider long ‘alternating’ operators:

gauge indices: Y5 ch

. YAYE

Previous case:

6 of so(6)

Adjoint SU(N)




Spin-chain Picture

The SU(2) x SU(2) sector allows only Y', Y?, Yg, Yj, and has vacuum:
L
Ovec =1r (Y'V])

Here, at two loops, we get two decoupled Heisenberg spin chains.

Minahan & Zarembo, 2008]
A T + + [ . .
=) Hiie+ ) Hiie [Gaiotto, Giombi, Yin] [Bak & Rey]

/ odd | even

(But weaker trace constralnt D odd Pi + 2 even Pi = 0 mod 27)
Here J(Y') = J(Y]) =1, and we'll also need Q(Y?) = Q(Y]) =




Spin-chain Picture

The SU(2) x SU(2) sector allows only Y', Y?, Yg, Yj, and has vacuum:
L
Ovec =1r (Y'V])

Here, at two loops, we get two decoupled Heisenberg spin chains.

Minahan & Zarembo, 2008]
A T + + [ . .
=) Hiie+ ) Hiie [Gaiotto, Giombi, Yin] [Bak & Rey]

/ odd | even

(But weaker trace constralnt D odd Pi + 2 even Pi = 0 mod 27)
Here J(Y') = J(Y]) =1, and we'll also need Q(Y?) = Q(Y]) =

String Dual

Membranes on AdS, x S”/Z ,

but when N — oo with 't Hooft coupling A = X fixed,
we get A strings on AdS; x CP?,

of radius R? = 2%/27v/)\.




Strings in CP3

RZ
The metricis ds® = —ds,c + R°ds%p = R? (

4

CP 3 is defined as C* with points z ~ re’®z identified.

Constrain length, and treat phase as a gauge freedom:
1
4

dzdz |z,-d2,-2>
2

o2 — (’)ay-(“)ay—/\(y2+1)+D—aZ-Daz—/\’(i-z—1)

where D; = 05 — Aa, and the equations of motionread A, =2- 0,z
0207y + (0aY - 0%y)y = 0,

D.D%z + (D—az- Daz) z=0




Strings in CP3

RZ
The metric is ds® = Tdsf\ds + R?dssp = R? (
CP 3 is defined as C* with points z ~ re'®z identified.
Constrain length, and treat phase as a gauge freedom:

o2 — %aay-aay—/\(y2+1)+D—az-Daz—/\’(i-z—1)

azidz; |zdz|’
z°

where D; = 05 — Aa, and the equations of motionread A, =2- 0,z
0207y + (0aY - 0%y)y = 0,

D.D%z + (D—az- Daz) z=0

Now fix ¥~ ' +iy® = €#" to concentrate on R x CP®.
The su(4) charges are defined

J[T% = 2v2)\ /dxlm (z- T?Dsz)
Q = J[diag(0,1,—1,0)]
Js = J [diag(—1, 1,1, - )]

and we’ll want:




Dispersion relation

A — % - \/1 + h(A\)2sin (g)

with h(\) = A from spin chain.

String States

The vacuum on the string side is z = \i@(e’t, 0,0, ).

Study small fluctuations: [Nishioka & Takayanagi, 2008]
Penrose limit, or [Gaiotto, Giombi, Yin] [Grignani, Harmark, Orselli]
Conformal gauge A-J/2 [MCA & Aniceto, 2008]

Find 4 states m =1 (all from CP 3)
and 4 states m =2 (1 from CP 3, 3 from AdS4)

And h(\) ~ VX
(In previous case, this function is the same at in both limits.)







[Gaiotto, Giombi.Yin] £ )\ 7

In fact there are two ways to embed the basic HM magnon: % <9

1. Into CP1: 2. Into RP 2:

[ e@malD) sin Omag(, 1)
COS Omag(X, 1)
COS Omag(X, t)

\ e—'Pmag(X:) gjn emag(xa t) )

zZ(x,t) =

&é@/ (to scale)
V2X sin (B ka/

2) S ;=0 mod 27 /
P A g _ 2v/2) sin (%)

Z,D,’-=Om0d7r




[Gaiotto, Giombi.Yin] £ )\ 7

In fact there are two ways to embed the basic HM magnon: % <9

1. Into CP1: 2. Into RP 2:

( o3 Pmag(2X.21) gjn (%emag 2X, 2t)) \ ( e/¢mag(X.1) gjn Omag (X t)
0 1 COS Omag (X, 1)

0 ;

S

COS Omag (X, 1)
\ e~ 29m0(?%2) cog (10mag(2x, 21)) ) \ € %ot §in Gnag (X, 1) )

2 Zp, 0 mod 27

gé@z (to scale)
a-3-vasin(®) q/
=

J (P
A — 5 = 2v/2)\ sin <§>

Generalisations? Y " p/=0mod T

Tempting subspaces like S x S2 [MCA & Aniceto]
but the equations of motion complain.

It is easy to embed Dorey’s solution into RP3: A -5 \/— + 8\ sin (%)

[Ahn, Bozhilov, Rashkov] [Ryang]



Can similarly embed finite-J magnons: %&

% First, AFZ form for two S 2-like subspaces:

CP 1. J—ds . (P .2 (P\ _—2a/vaxsin(2)
A — > =Vv2ASsIn (E) [1 — 4 sin (E)e + ...
[Lee, Panigrahi, Park]

2- — |
AN B SPWEs g (B) [1 — 4sin® (E) g~20/2v2sin(8) ]

2 2 2
[Grignani, Harmark, Orselli, Semenoff]

Second, embed the S 3 result of [Hatsuda & Suzuki, 2008]
into RP 3:

2 / /
ade ¢z vorsin? (1) —s2rcos(e | sin (1 ) &2/

2 4 2 2

2 /
where S = .Qz — +2\sin® (B)
16sin“(5) 2

The factor cos(2¢) describes a choice of relative orientation.




Can similarly embed finite--==esanana-

< First, AFZ form for twq

CP1: A—J1_J4=\/ l/\/_\f

2

RP 2; J1 — Jy

A — =2
2

Type (i): 290 =0, 6 <0 Type (ii): 2¢ =m, 6€ >0

Second, embed the S 3 result of [Hatsuda & Suzuki, 2008]
into RP 3:

2 / /
A—£=\/g+8>\sm ('D) 32>\cos(2¢) sin <p)e_“/28

2 4 2 2

2 /
where S = _QZ — +2\sin® (B)
16sin“(5) 2

The factor cos(2¢) describes a choice of relative orientation.




[MICA, Aniceto & Sax, 2009]

Dyonic CP2 solution

ds® = % sin® ¢ [dﬁ% +sin® ¥o dys +cos? & (dpy — cos s dgpz)z} + dg?

is the metric for this subspace, CP 2:

[ sin& cos(v2/2) e'2/2
cos & g/v1/2

0

\ sin ¢ sin(W¥,/2) e~ ¥2/2 /

Start with CP 1 magnon in £ = 7/2 space, with p=.
Give it extra momentum along 1,




[MICA, Aniceto & Sax, 2009]

Dyonic CP2 solution

ds® = % sin® ¢ [dﬁ% +sin® ¥o dys +cos? & (dpy — cos s dgpz)z} + dg?

is the metric for this subspace, CP 2:

[ sin& cos(v2/2) e'2/2
cos & g/v1/2

0

\ sin ¢ sin(W¥,/2) e~ ¥2/2 /

Start with CP 1 magnon in £ = 7/2 space, with p=.
Give it extra momentum along 1,
and deform v as for Dorey’s solution:

o = 21, Y1 =
cos Y- = sech (\/1 _ w22x> S

Then solve for e(x)...

’
2
COS- e(X) =
(%) 1 + w COS Y5




[MICA, Aniceto & Sax, 2009]

Dyonic CP2 solution

ds® = % sin® ¢ [dﬁ% +sin® ¥o dys +cos? & (dpy — cos s dgpz)z} + dg?

is the metric for this subspace, CP 2:

[ sin& cos(v2/2) e'2/2
cos & g/v1/2

0

\ sin ¢ sin(W¥,/2) e~ ¥2/2 /

Start with CP 1 magnon in £ = 7/2 space, with p=.
Give it extra momentum along ¥1,

sine(x) = cos§




[MICA, Aniceto & Sax, 2009]

Dyonic CP2 solution

ds® = % sin® ¢ [dﬁ% +sin® ¥o dys +cos? & (dpy — cos s dgpz)z} + dg?

is the metric for this subspace, CP 2:

[ sin& cos(v2/2) e'2/2
cos & g/v1/2 <
0 <
\ sin ¢ sin(W¥,/2) e~ ¥2/2 /

Note that two
orientations
are possible

Start with CP 1 magnon in £ = 7/2 space, with p=.
Give it extra momentum along ¥1,

sine(x) = cos§




Dressed Solution

Found by [Hollowood & Miramontes] + [Kalousios, Spradlin, Volovich] + [Suzuki]
using the dressing method. The case p = m looks like this:

( (1 + r?) cos(t) + cos (

—(1 + r?) sin(t) + sin (

2(1 — r?) [sin (1

\

1412

1412

1-3/° t) — r2sin (

2
1-3r t) + r2 cos (
1+r2

1412

0

3—r?

1+r2

21‘) +i(1 — r?)sin(t) sinh (25 x) \

14r2

t) — i(1 — r?)cos(t) sinh (2

1412 1412

- t) sinh (12 x) — icos (1_r2 l‘) cosh <Lx)}

This has only one angular momentum:

1 4+ r°

J=2A — 42\
2r

o

p/

2

)

In the limitr = 1, it becomes the RP 2 solution.

(This also lives in CP 2, so just call it ‘dressed’.)
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Getting there

Define two currents (left=right, vector representation):
(iads)ij = 2 (Yiduy; — (Buyi)Y))

Ucr)in = 2 (20,2 — (D 2)Z)
which are the blocks of j = jay5 D Jep -

The Virasoro Constraints and equations of motion can now be written

di+jAnj=0 d+j=0




Getting there

Define two currents (left=right, vector representation):
(iads)ij = 2 (Yiduy; — (Buyi)Y))

Ucr)in = 2 (20,2 — (D 2)Z)
which are the blocks of j = jay5 D Jep -

The Virasoro Constraints and equations of motion can now be written
dj+jNfj=0 dxj=0

1 X

Define the Lax connection J(x) = el t e ¢

and using this, the monodromy matrix Q(x) = P e/ @7/
The choice of path here determines the basis Q is in, but its eigenvalues
are invariant: eib1 , eiﬁz, eibs, eib4 and e’fh , eibz, ei,b3, eiﬁ4_
We'll use

1 . . . N .. . L. .
{G1,02,Q3,Q4,Q5} = E{P1 + P2, P1 — P2, P1 + P2, —P2 — Pa, P1 + Pa}

[Gromov & Viera, 2008]




The Rules are:
. Only 5 independent: {Qs,97,Qs,Q9, G0} = {—Q5, —Q4, —Q3, —Q2, —C1 }.

. Square-root branch cuts: g/ (x) — g (x) = 2rny, x € Gy

. Synchronised poles at x = +1 with residue «/2

. Inversion symmetry:
qi(3) = —q2(X), ga(3) = 2rm — qa(x) and gs(5) = gs(X).
Here p = 2mm is the momentum

. Asymptotic behaviour:

( 31 \ ( §+§ ) }AdS components
) _

gs

o /

At large X, Q(x) =1 + %/deT + ...

} CP components

(Here 4g = v2)\ )




The ansatz we’ll use is this:




The ansatz we’ll use is this:

+Gy(0) — Gu(%) +Gy(0) — Gv(%) +Gr(Xx) — Gr(0) + Gr(%)

+Gy(x) +Gy(X) —Gr(x) + Gr(0) — Gr(%)
Gu(x) — Gu(0) + Gu(%) —Gy(x) + Gy(0) — Gv(%)

Synchronised poles, « = A/2g and (from g1 g2) S = 0.




The ansatz we’ll use is this:

Gu(x) — Gu(0) + Gu(%) —Gy(x) + Gy (0) — Gy(

Synchronised poles, « = A/2g and (from g1 g2) S = 0.

Each of Gy Gy Gr satisfies inversion symmetry, (1

}) + Qa(X).

but only the first two contribute to p = 27m = Q3




The ansatz we’ll use is this:

Gu(x) — Gu(0) + Gu(%) —Gy(x) + Gy (0) — Gy(

Synchronised poles, « = A/2g and (from g1 g2) S = 0.

Each of Gy Gy Gr satisfies inversion symmetry, (1

—> + ga(X).

but only the first two contribute to p = 27m = Q3 "

The labels are from su(4) charges:

And J=J1+J2,Q=J1-J2.




, X — Xt
Shenderovich’s Giant Magnons -- insert Gmag(X) = —/log (x X—)

< Small Magnon: set G,(x) = Gmag(X)

and expand things, read off:

X+
P = _Ilog X_

J=2A+i29(X+—X_— L + 1 ),

A—— \/—+16923|n (g)

X+ X-

which give dispersion relation:

% (another small: u < v, Js changes sign.)




, x — Xt
Shenderovich’s Giant Magnons -- insert Gmag(X) = —/log (x X—)
< Small Magnon: set G,(x) = Gmag(X)
and expand things, read off:

L X
p = —ilog Y=

. . 1 1
J=2A+129<X — X —X++X_),

which give dispersion relation:
¥ i A—f=\/32+16923in2(9)
2 4 2

(another small: u < v, J3 changes sign.)

< Big Magnon: setinstead Gu(x) = Gv(X) = G/(X) = Gmag(X)

, X
p=—2/logX_, Q=0

. N _ 1 1
J=2A+I4Q(X — X _F-FF) J3=O

thus dispersion relation:

A — % = \/Qﬁ + 6492 sin® (g)

This Qu Is just a parameter!




We'll also want

< Pair of Small magnons, u+v like this: Gy(x) = Gu(X) = Gmag(X)
with same X+

All the charges add, so we get

2 2
A—— \/g+16g2sm \/g+16923|n (’02‘/)

= \/%2 + 6492 sin® (—)




We'll also want

< Pair of Small magnons, u+v like this: Gy(x) = Gu(X) = Gmag(X)
with same X+
All the charges add, so we get

2 2
A—— \/g+16g2sm \/g+16923|n (’02‘/)

= \/%2 + 6492 sin® (—)

The Matching Problem

In 2008, it looked like: ' RP3  |A perfect match.

CP1 |Finite-d: AFZ-like
? Finite-J: zero?  [Luckowski & Sax, 2008]

Big ?

(One could have noticed that the bound state of [Spradlin & Volovich 2006
the Big magnon’s charges, but the wrong Q — 0 limit.)




But then three things happened:
1. We fixed the finite-J calculation ( = AFZ when not dyonic.)

2. The dressed solution appeared (Perfect!)

3. We found the CP 2 dyonic magnon (Comes in two polarisations.)

So the table becomes:

RP3  |non-dyonic is RP?
CP2 |non-dyonicis CP

Big | Dressed [non-‘dyonic’is RP 2

Have already discussed 2 & 3, so we now turn to 1.




Finite-size corrections

The effect of J < Infinity is to replace:

, x — X*

with this:

Giinite (X) = —2/ l0g (

where Y* = X+ (1 4 iéeiicb) and 0 < 1.

\/X—X++\/X—Y+)
VX =X"+vVx =Y~

[Minahan & Sax, 2008]

In g, the structure is more complicated:

/

\from
\vi)m G

G(x)
(1/x)




Finite-size Small Giant magnon

Defined by Gu(x) = Ginie(x) Which depends on X~ = r g/Po/2
and on §, ¢ through Y* = X= (1 4 iéei’¢).

1. Expand charges to find the correction:

p
_ _ 2
5E = (A ) \/ +16g2sin” (7 )

sin (g) + 0(6%)

29
0 4 cos(29) s r2

2. Impose the branch cut condition:

27N = qa(X") — Qe(X")

20X

= x2 — 1 + Gﬁnite(XJr) T Gﬂ_mte( ) Giinite (0) + Ginite <_

implies

O =

8j e~ ib/dgimng—id.\/r2 _ 1 sin(g) o
\/e—ip/2 _ rZelp/Z p e




3. Demand that delta be real:

A Qcot(5) 1 28 o)
4S(§) ~5 arctan (5 tan(§)> =0orm

4. And get the answer:

56 = —32¢2 00S(26) = B) e BE/88) 4 o(5%)
£1/S(8) 2

[MCA, Aniceto & Sax, 2009]

2 4\2
where S(§)=492(r ) + 1692 sin® (B)

r2 2

The non-dyonic limit (r = 1) of this is tricky.

We have implicitly assumed that 6 < r—1 ~ /Q/g,
so can’'t simply set Q = 0.

Being careful, we can recover AFZ form 0&,.1 = —16g cos(2¢) sin® (E) e 2A/E

and also closure condition p = 0 mod 27« 2




- iC: ki & Sax, 2008
Pair of Small Magnons (non-dyonic: [Lukowski & Sax, 2008] )

We recover the S3 answer: §€ = —256¢97 cos(ng)% sin’ (E) e—Af/zs(ﬁ)

4

and the closure condition p/2=p' = n'n, ' € Z, [Hatsuda & Suzuki, 2008]
[Minahan & Sax, 2008]

ASN

Big Magnon Type (i): 2¢ =0, 6 <0 Type (ii): 2¢ = 7, 6 > 0

Here we get:

S(E) : P\ _ p
08 = — 2 4 6 (F A8/8(4)
10249 cos(2gb)g 2 sin (4) e

Non-‘dyonic’ limit similarly tricky, IMCA. Aniceto & Sax, 2009]
but in the end Big = Pair = RP?2




Summary in the curves:

M. M. M, (01, G, P] 5€ (finite J)

Vacuum

0,0,0 [L,0, L]

Small giant magnon

1,0,0 [L-2,1,1] v2Xsin(g) —4&sin® (£) e 24/¢

Q,0,0 [L-2Q,Q,L] \/%2+2>\sin2(§)

... and similar with u < v:

0,Q0 L, Q,L—2Q] (same) (same)

Big giant magnon

1,1, 1 [L—1,0,L—1] 2v/2\sin(®) —4&sin® (8) e728/¢

Qu,Qu,Qu [L— Qu,O,L— Qu] \/QLZI +8>\Sin2(§) @

Pair of small giant magnons

1,1,0 [L—2,2,L—2] 2v/2)sin(®) —4€ sin®(D)e2A/¢

2,20 [L-—Q,Q,L-Q] \/—+8>\sm§ Like S° case

String Solution




E N3



Future

% Similar problem with limits in Lldsher calculation?

< Comparison with gauge side: big?

Semiclassical corrections (add poles to curve).




