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Not in this talk
 (but in my thesis) 
  is work on:

de Sitter space,

Yang black holes,

T-dual magnons.



1.     AdS/CFT
(in the best-studied example) 
says that 

IIB superstrings on AdS5 x S5

and

Planar N=4 SYM

are secretly the same theory...

... just written in variables which 
we understand in opposite limits. 

[Maldacena, 1997]



N=4 Super-Yang-Mills theory

Symmetries:

SU(N) gauge symmetry. All fields in the adjoint.

so(2,4) conformal symmetry (including ∆).

so(6) = su(4) R-symmetry. Scalars in the 6.

What we’re interested in calculating is the conformal dimensions ∆ 
of operators:

The path integral is:

so        plays the same role as    .

Yang–Mills

N = 4 SYM has a gauge field Aµ (the gluon), six scalars φi , and fermions χα.

The action is

SYM =
2

g2
YM

ˆ

d4x Tr
(

1
4 FµνFµν + 1

2 DµφiDµφi − 1
4 [φi , φj ][φi , φj ] + 1

2χD/ χ − i
2

χ̄Γi [φi , χ]
)

(5.10)

where the covariant derivative is Dµ = ∂µ − i [Aµ, · ], and Γα are 10-dimensional

Dirac matrices. (For the scalar fields alone, this is of the form (5.8) studied

above.) This theory has a number of symmetries, and the bosonic parts of

these are:

• SU(N) gauge symmetry (indices a, b = 1 ... N) with φi = φi ab in the adjoint

representation, and Aµ = Aµ
ab the gauge field.

• There is SO(2, 4) conformal symmetry (acting on spacetime xµ), includ-

ing SO(3, 1) Lorentz symmetry.

• Finally there is an internal SO(6) ‘R-symmetry’ rotating the various fields,

with φi in the fundamental representation 6, and χα in the 4 represen-

tation (i.e. the fundamental of SU(4), where at the algebra level su(4) =

so(6) ).

If we include fermionic generators, then the last two of these are subgroups

of the PSU(2, 2|4) supergroup. This is an exact symmetry of the theory, in

particular it is exactly conformal: the β-function vanishes to all orders.

What we would like to calculate here is the scaling dimension ∆(OA), de-

fined

〈OA(x)OB(y )〉 =
δAB

(x − y )2∆(OA) (5.11)
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YM
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g2
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Planar? Consider just the scalars:
Each propagator is:

and the vertices are:

so altogether, a given diagram will go as

The idea is: we can use 1/N 2 as an alternative expansion parameter. 
This counts genus, just as in string theory.
At large N, the effective field theory coupling is                 . 

5.2 Strings and Yang–Mills

5.2.1 The ’t Hooft Limit

There is another path from particle physics to strings, which started a bit latter

than the Regge story above. Quantum chromo-dynamics (QCD), the theory of

quarks and gluons, is a non-Abelian gauge theory (i.e. a Yang–Mills theory)

which is strongly coupled at low energies, making conventional field-theoretic

techniques useless there. It has 3 colours, thus gauge group SU(3). The

idea of ’t Hooft was that perhaps this 3 could be used to make an alternative

expansion parameter: what happens if you study SU(N) gauge theory with N

large? The real world has the particular value of this expansion parameter

1/N2 ∼ 10−1, compared to QED’s 1
137 ∼ 10−2 fine-structure constant.

Consider the toy theory defined by action

S =
1

g2
YM

ˆ

d4x
[
Tr

(
∂µφi∂

µφi
)

+ cijk Tr
(
φiφjφk

)
+ dijkl Tr

(
φiφjφkφl

)]
(5.8)

in which the fields are in the adjoint representation of SU(N): they are N × N

matrices, φi ab which transform φi → UφiU†. If we write this action in terms of

scaled fields φ′ = gYMφ, then the kinetic term will have coefficient 1 and the

coupling will appear in its usual place, in front of the interaction terms. This

theory has propagator

〈
φi ab(x)φj cd (y )

〉
=

g2
YM

8π(x − y )2 δijδadδbc

which we can draw in double-line notation to keep track of the SU(N) indices

a, b. Suppressing the spacetime dependence, we can draw
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266 J. C. Plefka: Lectures on the plane-wave string/gauge theory duality

surprisingly the non-planar sector of the gauge theory is found to be dual to plane-wave string interactions,
which opens up the possibility of studying string interactions in the framework of light-cone string field
theory via methods of perturbative large N and J gauge theory. This we shall do in detail in these lectures.
On the string theory side interactions have been studied with the methods of light-cone superstring field
theory [12–14] and shown to agree with the gauge theory predictions under certain assumptions, which will
be the subject of the last section.

In summary this novel duality represents itself as an interesting and very concrete model to study the
complementarity of string and gauge theories. By doing so one may hope to develop novel and wider
accessible tools which could become useful in the study of phenomenologically more interesting systems
in the future.

1.1 Strings and large N gauge theories

The expectation that there should exist a close relationship between gauge theory and strings is based,
among other observations, on the analysis of the perturbation expansion of a U(N) gauge theory in the
large N limit. To understand this in some detail let us look at the following schematic action of N × N
hermitian matrix fields (φi)ab(x)

S =
1

g2
YM

∫
d4x

[
Tr(∂µφi ∂µφi) + cijk Tr(φi φj φk) + dijkl Tr(φi φj φk φl)

]
. (1)

This action mimics a U(N) Yang-Mills model as well as possible couplings of scalar fields in the adjoint
representation. The propagators of the matrix valued fields may be represented by “fat” graphs

a
b c

d ∼ g2
YM :

〈
(φi)ab(x) (φj)cd(0)

〉
=

g2
YM

8π2 x2 δij δad δbc (2)

One immediately reads off from the Lagrangian (1) that the vertices scale uniformly with 1/g2
YM. Their fat

graph structure may be depicted as follows:

∼ 1
g2
YM

∼ 1
g2
YM

By making use of the double line notation for propagators any Feynman diagram in the perturbative ex-
pansion of (1) may be viewed as a simplicial decomposition of a surface with V vertices, E edges and F
faces. Here the total number of propagators in the Feynman graph corresponds to E and F simply counts
the number of index loops occurring in the graph. As an example let us count the factors of gYM and N for
the following vacuum graphs:

=̂ (g2
YM)3−2 N3 = (g2

YM N) N2

=̂ (g2
YM)6−4 N4 = (g2

YM N)2 N2

=̂ (g2
YM)8−5 N5 = (g2

YM N)3 N2

=̂ (g2
YM)6−4 N2 = (g2

YM N)2 (3)

c© 2004 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

∼ g2
YM .

In this notation, the interaction terms in the Lagrangian give rise to the following

products of δab:
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∼ 1
g2

YM
.

In a full Feynman diagram, each closed single line gives δaa = Tr 1N×N = N,

and can be viewed as bounding a face, while the propagator is an edge, and

the interactions are vertices. If the number of faces, edges, and vertices are F ,

E and V , then the diagram will then go as

NF (
g2

YM
)E−V

= NV−E+F (
g2

YMN
)E−V

.

The power of N here is the Euler characteristic χ of the surface formed by filling

in these faces: χ = 2 for a sphere, 0 for a torus, −2 for a double-torus, and

so on. So large-N organises the Feynman diagrams into a genus expansion,

which is exactly what we have in string theory. And within a given genus of

diagram, the effective coupling (which counts the vertices as g2
YM did for N = 3)

is

λ = g2
YMN

called the ’t Hooft coupling. When this is at least of order 1, then a very large

number of diagrams will contribute at a given genus, which we regard as colour-

ing in the string diagram of this genus.

74

=

266 J. C. Plefka: Lectures on the plane-wave string/gauge theory duality

surprisingly the non-planar sector of the gauge theory is found to be dual to plane-wave string interactions,
which opens up the possibility of studying string interactions in the framework of light-cone string field
theory via methods of perturbative large N and J gauge theory. This we shall do in detail in these lectures.
On the string theory side interactions have been studied with the methods of light-cone superstring field
theory [12–14] and shown to agree with the gauge theory predictions under certain assumptions, which will
be the subject of the last section.

In summary this novel duality represents itself as an interesting and very concrete model to study the
complementarity of string and gauge theories. By doing so one may hope to develop novel and wider
accessible tools which could become useful in the study of phenomenologically more interesting systems
in the future.

1.1 Strings and large N gauge theories

The expectation that there should exist a close relationship between gauge theory and strings is based,
among other observations, on the analysis of the perturbation expansion of a U(N) gauge theory in the
large N limit. To understand this in some detail let us look at the following schematic action of N × N
hermitian matrix fields (φi)ab(x)

S =
1

g2
YM

∫
d4x

[
Tr(∂µφi ∂µφi) + cijk Tr(φi φj φk) + dijkl Tr(φi φj φk φl)

]
. (1)

This action mimics a U(N) Yang-Mills model as well as possible couplings of scalar fields in the adjoint
representation. The propagators of the matrix valued fields may be represented by “fat” graphs

a
b c

d ∼ g2
YM :

〈
(φi)ab(x) (φj)cd(0)

〉
=

g2
YM

8π2 x2 δij δad δbc (2)

One immediately reads off from the Lagrangian (1) that the vertices scale uniformly with 1/g2
YM. Their fat

graph structure may be depicted as follows:

∼ 1
g2
YM

∼ 1
g2
YM

By making use of the double line notation for propagators any Feynman diagram in the perturbative ex-
pansion of (1) may be viewed as a simplicial decomposition of a surface with V vertices, E edges and F
faces. Here the total number of propagators in the Feynman graph corresponds to E and F simply counts
the number of index loops occurring in the graph. As an example let us count the factors of gYM and N for
the following vacuum graphs:

=̂ (g2
YM)3−2 N3 = (g2

YM N) N2

=̂ (g2
YM)6−4 N4 = (g2

YM N)2 N2

=̂ (g2
YM)8−5 N5 = (g2

YM N)3 N2

=̂ (g2
YM)6−4 N2 = (g2

YM N)2 (3)

c© 2004 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

∼ g2
YM .

In this notation, the interaction terms in the Lagrangian give rise to the following

products of δab:

266 J. C. Plefka: Lectures on the plane-wave string/gauge theory duality

surprisingly the non-planar sector of the gauge theory is found to be dual to plane-wave string interactions,
which opens up the possibility of studying string interactions in the framework of light-cone string field
theory via methods of perturbative large N and J gauge theory. This we shall do in detail in these lectures.
On the string theory side interactions have been studied with the methods of light-cone superstring field
theory [12–14] and shown to agree with the gauge theory predictions under certain assumptions, which will
be the subject of the last section.

In summary this novel duality represents itself as an interesting and very concrete model to study the
complementarity of string and gauge theories. By doing so one may hope to develop novel and wider
accessible tools which could become useful in the study of phenomenologically more interesting systems
in the future.

1.1 Strings and large N gauge theories

The expectation that there should exist a close relationship between gauge theory and strings is based,
among other observations, on the analysis of the perturbation expansion of a U(N) gauge theory in the
large N limit. To understand this in some detail let us look at the following schematic action of N × N
hermitian matrix fields (φi)ab(x)

S =
1

g2
YM

∫
d4x

[
Tr(∂µφi ∂µφi) + cijk Tr(φi φj φk) + dijkl Tr(φi φj φk φl)

]
. (1)

This action mimics a U(N) Yang-Mills model as well as possible couplings of scalar fields in the adjoint
representation. The propagators of the matrix valued fields may be represented by “fat” graphs

a
b c

d ∼ g2
YM :

〈
(φi)ab(x) (φj)cd(0)

〉
=

g2
YM

8π2 x2 δij δad δbc (2)

One immediately reads off from the Lagrangian (1) that the vertices scale uniformly with 1/g2
YM. Their fat

graph structure may be depicted as follows:

∼ 1
g2
YM

∼ 1
g2
YM

By making use of the double line notation for propagators any Feynman diagram in the perturbative ex-
pansion of (1) may be viewed as a simplicial decomposition of a surface with V vertices, E edges and F
faces. Here the total number of propagators in the Feynman graph corresponds to E and F simply counts
the number of index loops occurring in the graph. As an example let us count the factors of gYM and N for
the following vacuum graphs:

=̂ (g2
YM)3−2 N3 = (g2

YM N) N2

=̂ (g2
YM)6−4 N4 = (g2

YM N)2 N2

=̂ (g2
YM)8−5 N5 = (g2

YM N)3 N2

=̂ (g2
YM)6−4 N2 = (g2

YM N)2 (3)

c© 2004 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

∼ 1
g2

YM

266 J. C. Plefka: Lectures on the plane-wave string/gauge theory duality

surprisingly the non-planar sector of the gauge theory is found to be dual to plane-wave string interactions,
which opens up the possibility of studying string interactions in the framework of light-cone string field
theory via methods of perturbative large N and J gauge theory. This we shall do in detail in these lectures.
On the string theory side interactions have been studied with the methods of light-cone superstring field
theory [12–14] and shown to agree with the gauge theory predictions under certain assumptions, which will
be the subject of the last section.

In summary this novel duality represents itself as an interesting and very concrete model to study the
complementarity of string and gauge theories. By doing so one may hope to develop novel and wider
accessible tools which could become useful in the study of phenomenologically more interesting systems
in the future.

1.1 Strings and large N gauge theories

The expectation that there should exist a close relationship between gauge theory and strings is based,
among other observations, on the analysis of the perturbation expansion of a U(N) gauge theory in the
large N limit. To understand this in some detail let us look at the following schematic action of N × N
hermitian matrix fields (φi)ab(x)

S =
1

g2
YM

∫
d4x

[
Tr(∂µφi ∂µφi) + cijk Tr(φi φj φk) + dijkl Tr(φi φj φk φl)

]
. (1)

This action mimics a U(N) Yang-Mills model as well as possible couplings of scalar fields in the adjoint
representation. The propagators of the matrix valued fields may be represented by “fat” graphs

a
b c

d ∼ g2
YM :

〈
(φi)ab(x) (φj)cd(0)

〉
=

g2
YM

8π2 x2 δij δad δbc (2)

One immediately reads off from the Lagrangian (1) that the vertices scale uniformly with 1/g2
YM. Their fat

graph structure may be depicted as follows:

∼ 1
g2
YM

∼ 1
g2
YM

By making use of the double line notation for propagators any Feynman diagram in the perturbative ex-
pansion of (1) may be viewed as a simplicial decomposition of a surface with V vertices, E edges and F
faces. Here the total number of propagators in the Feynman graph corresponds to E and F simply counts
the number of index loops occurring in the graph. As an example let us count the factors of gYM and N for
the following vacuum graphs:
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∼ 1
g2

YM
.

In a full Feynman diagram, each closed single line gives δaa = Tr 1N×N = N,

and can be viewed as bounding a face, while the propagator is an edge, and

the interactions are vertices. If the number of faces, edges, and vertices are F ,

E and V , then the diagram will then go as

NF (
g2

YM
)E−V

= NV−E+F (
g2

YMN
)E−V

.

The power of N here is the Euler characteristic χ of the surface formed by filling

in these faces: χ = 2 for a sphere, 0 for a torus, −2 for a double-torus, and

so on. So large-N organises the Feynman diagrams into a genus expansion,

which is exactly what we have in string theory. And within a given genus of

diagram, the effective coupling (which counts the vertices as g2
YM did for N = 3)

is

λ = g2
YMN

called the ’t Hooft coupling. When this is at least of order 1, then a very large

number of diagrams will contribute at a given genus, which we regard as colour-

ing in the string diagram of this genus.
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surprisingly the non-planar sector of the gauge theory is found to be dual to plane-wave string interactions,
which opens up the possibility of studying string interactions in the framework of light-cone string field
theory via methods of perturbative large N and J gauge theory. This we shall do in detail in these lectures.
On the string theory side interactions have been studied with the methods of light-cone superstring field
theory [12–14] and shown to agree with the gauge theory predictions under certain assumptions, which will
be the subject of the last section.

In summary this novel duality represents itself as an interesting and very concrete model to study the
complementarity of string and gauge theories. By doing so one may hope to develop novel and wider
accessible tools which could become useful in the study of phenomenologically more interesting systems
in the future.

1.1 Strings and large N gauge theories

The expectation that there should exist a close relationship between gauge theory and strings is based,
among other observations, on the analysis of the perturbation expansion of a U(N) gauge theory in the
large N limit. To understand this in some detail let us look at the following schematic action of N × N
hermitian matrix fields (φi)ab(x)

S =
1

g2
YM

∫
d4x

[
Tr(∂µφi ∂µφi) + cijk Tr(φi φj φk) + dijkl Tr(φi φj φk φl)

]
. (1)

This action mimics a U(N) Yang-Mills model as well as possible couplings of scalar fields in the adjoint
representation. The propagators of the matrix valued fields may be represented by “fat” graphs
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〈
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=
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8π2 x2 δij δad δbc (2)

One immediately reads off from the Lagrangian (1) that the vertices scale uniformly with 1/g2
YM. Their fat

graph structure may be depicted as follows:
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By making use of the double line notation for propagators any Feynman diagram in the perturbative ex-
pansion of (1) may be viewed as a simplicial decomposition of a surface with V vertices, E edges and F
faces. Here the total number of propagators in the Feynman graph corresponds to E and F simply counts
the number of index loops occurring in the graph. As an example let us count the factors of gYM and N for
the following vacuum graphs:
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∼ g2
YM .

In this notation, the interaction terms in the Lagrangian give rise to the following

products of δab:
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and can be viewed as bounding a face, while the propagator is an edge, and

the interactions are vertices. If the number of faces, edges, and vertices are F ,

E and V , then the diagram will then go as
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The power of N here is the Euler characteristic χ of the surface formed by filling

in these faces: χ = 2 for a sphere, 0 for a torus, −2 for a double-torus, and

so on. So large-N organises the Feynman diagrams into a genus expansion,

which is exactly what we have in string theory. And within a given genus of

diagram, the effective coupling (which counts the vertices as g2
YM did for N = 3)

is
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called the ’t Hooft coupling. When this is at least of order 1, then a very large

number of diagrams will contribute at a given genus, which we regard as colour-

ing in the string diagram of this genus.

74

[’t Hooft, 1974]

χ = V − E + F = 2
χ = 0 χ = −2

λ = g2
YMN

= NχλE−V



Planar? Consider just the scalars:
Each propagator is:

and the vertices are:

so altogether, a given diagram will go as

The idea is: we can use 1/N 2 as an alternative expansion parameter. 
This counts genus, just as in string theory.
At large N, the effective field theory coupling is                 . 

5.2 Strings and Yang–Mills

5.2.1 The ’t Hooft Limit

There is another path from particle physics to strings, which started a bit latter

than the Regge story above. Quantum chromo-dynamics (QCD), the theory of

quarks and gluons, is a non-Abelian gauge theory (i.e. a Yang–Mills theory)

which is strongly coupled at low energies, making conventional field-theoretic

techniques useless there. It has 3 colours, thus gauge group SU(3). The

idea of ’t Hooft was that perhaps this 3 could be used to make an alternative

expansion parameter: what happens if you study SU(N) gauge theory with N

large? The real world has the particular value of this expansion parameter

1/N2 ∼ 10−1, compared to QED’s 1
137 ∼ 10−2 fine-structure constant.

Consider the toy theory defined by action

S =
1

g2
YM

ˆ

d4x
[
Tr

(
∂µφi∂

µφi
)

+ cijk Tr
(
φiφjφk

)
+ dijkl Tr

(
φiφjφkφl

)]
(5.8)

in which the fields are in the adjoint representation of SU(N): they are N × N

matrices, φi ab which transform φi → UφiU†. If we write this action in terms of

scaled fields φ′ = gYMφ, then the kinetic term will have coefficient 1 and the

coupling will appear in its usual place, in front of the interaction terms. This

theory has propagator

〈
φi ab(x)φj cd (y )

〉
=

g2
YM

8π(x − y )2 δijδadδbc

which we can draw in double-line notation to keep track of the SU(N) indices

a, b. Suppressing the spacetime dependence, we can draw
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surprisingly the non-planar sector of the gauge theory is found to be dual to plane-wave string interactions,
which opens up the possibility of studying string interactions in the framework of light-cone string field
theory via methods of perturbative large N and J gauge theory. This we shall do in detail in these lectures.
On the string theory side interactions have been studied with the methods of light-cone superstring field
theory [12–14] and shown to agree with the gauge theory predictions under certain assumptions, which will
be the subject of the last section.

In summary this novel duality represents itself as an interesting and very concrete model to study the
complementarity of string and gauge theories. By doing so one may hope to develop novel and wider
accessible tools which could become useful in the study of phenomenologically more interesting systems
in the future.
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The expectation that there should exist a close relationship between gauge theory and strings is based,
among other observations, on the analysis of the perturbation expansion of a U(N) gauge theory in the
large N limit. To understand this in some detail let us look at the following schematic action of N × N
hermitian matrix fields (φi)ab(x)
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This action mimics a U(N) Yang-Mills model as well as possible couplings of scalar fields in the adjoint
representation. The propagators of the matrix valued fields may be represented by “fat” graphs
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〈
(φi)ab(x) (φj)cd(0)

〉
=
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8π2 x2 δij δad δbc (2)

One immediately reads off from the Lagrangian (1) that the vertices scale uniformly with 1/g2
YM. Their fat

graph structure may be depicted as follows:
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By making use of the double line notation for propagators any Feynman diagram in the perturbative ex-
pansion of (1) may be viewed as a simplicial decomposition of a surface with V vertices, E edges and F
faces. Here the total number of propagators in the Feynman graph corresponds to E and F simply counts
the number of index loops occurring in the graph. As an example let us count the factors of gYM and N for
the following vacuum graphs:
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YM .

In this notation, the interaction terms in the Lagrangian give rise to the following

products of δab:
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∼ 1
g2

YM
.

In a full Feynman diagram, each closed single line gives δaa = Tr 1N×N = N,

and can be viewed as bounding a face, while the propagator is an edge, and

the interactions are vertices. If the number of faces, edges, and vertices are F ,

E and V , then the diagram will then go as

NF (
g2

YM
)E−V

= NV−E+F (
g2

YMN
)E−V

.

The power of N here is the Euler characteristic χ of the surface formed by filling

in these faces: χ = 2 for a sphere, 0 for a torus, −2 for a double-torus, and

so on. So large-N organises the Feynman diagrams into a genus expansion,

which is exactly what we have in string theory. And within a given genus of

diagram, the effective coupling (which counts the vertices as g2
YM did for N = 3)

is

λ = g2
YMN

called the ’t Hooft coupling. When this is at least of order 1, then a very large

number of diagrams will contribute at a given genus, which we regard as colour-

ing in the string diagram of this genus.
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In this notation, the interaction terms in the Lagrangian give rise to the following

products of δab:
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χ = V − E + F = 2
χ = 0 χ = −2

λ = g2
YMN

= NχλE−V



Strings in

The bosonic action (in conformal gauge) reads:

Groups SO(2,4) and SO(6) describe rotations of        and      .

In fact                   is the bosonic part of                              . 

Notice that only             appears, and                 is the classical limit:

We’ll mostly work in             with             ,
and will need charges 

AdS5 × S5

Finally, recall from above that, at large N, the coupling g2
YM is replaced by

λ = g2
YMN, and so in this case, quantum corrections are λ != 0 corrections.

Strings

The metric for the spacetime in which the string moves is7

ds2 = R2ds2
AdS5

+ R2ds2
S5 (5.13)

i.e. both spaces have the same radius, R. We will use six embedding co-

ordinates to describe each of these spaces, writing

ds2
AdS5

= dY µdYµ where Y µ ∈ R2,4, Y µYµ = −1

ds2
S5 = dXidXi Xi ∈ R6, XiXi = 1

The isometry group of AdS5 is SO(2, 4), while that of S5 is SO(6), both acting

in the obvious way on the embedding co-ordinates.8 In terms of these, the

Polyakov action needs a pair of Lagrange multipliers:

S =
R2

4πα′

ˆ

dxdt
1
2

(
∂aY · ∂aY− Λ(Y2 + 1) + ∂aX · ∂aX− Λ′(X · X− 1)

)

Here we have also pulled out the common radius factor R2, and see that the ac-

tion depends only on the dimensionless ratio of this to the string length squared.

R $
√

α′ is the limit in which the space is much larger than the string length.

In fact this is the classical string limit, which can be seen by noting that in the
7In addition to this metric the background has N units of self-dual 5-form flux F5, but this will not

concern us.
8For superstrings in this background, these are the bosonic parts of the full PSU(2, 2|4) super-

group, just as on the gauge side.
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R/
√

α′ R !
√

α′

R2,4 R6

AdS5 × S5

and the definition λ′ = λ/J2, and then expand in small λ′:

(∆− J)n =
√

1 + n2λ′

= 1 +
1
2

n2λ′ + o(λ′2).

This is half of (5.21), which was for two impurities above Ovac.

A more literal derivation of the fact that ∆ − J is a Hamiltonian was given

by FROLOV AND TSEYTLIN [119]. This works in conformal gauge, and is more

easily adapted to the situation studied in the next chapter. Starting with a string

solution of a point particle circling the sphere (along the same line as above)

they add small fluctuations to it:

Xµ = Xµ
vac +

1
λ1/4 X̃µ (5.24)

and expand both the energy ∆ and the angular momentum J in these fluctua-

tions. These are defined

J =
√

λ

2π

ˆ

dx (X1∂tX2 − X2∂tX1) (5.25)

∆ =
√

λ

2π

ˆ

dx 1 (5.26)

The result is that, while ∆ and J both diverge as
√

λ→∞, the difference is

∆− J =
1

4π

ˆ

dxdt
[
gauge modes + ∂t X̃ i∂t X̃ i + ∂x X̃ i∂x X̃ i + (X̃ i )2

]
(5.27)

which is exactly what we would normally call the Hamiltonian for the fluctua-

tions. It has the same modes as above (after taking J →∞).
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R× S5 t = τAdS

and Q sim. with X3 & X4

Z =
∫

DX ... exp
(

iR2

!
√

α′

∫
d2xL

)

PSU(2, 2|4)
SO(4, 1)× SO(5)

α′



Strings in

The bosonic action (in conformal gauge) reads:

Groups SO(2,4) and SO(6) describe rotations of        and      .

In fact                   is the bosonic part of                              . 

Notice that only             appears, and                 is the classical limit:

We’ll mostly work in             with             ,
and will need charges 

AdS5 × S5

Finally, recall from above that, at large N, the coupling g2
YM is replaced by

λ = g2
YMN, and so in this case, quantum corrections are λ != 0 corrections.

Strings

The metric for the spacetime in which the string moves is7

ds2 = R2ds2
AdS5

+ R2ds2
S5 (5.13)

i.e. both spaces have the same radius, R. We will use six embedding co-

ordinates to describe each of these spaces, writing

ds2
AdS5

= dY µdYµ where Y µ ∈ R2,4, Y µYµ = −1

ds2
S5 = dXidXi Xi ∈ R6, XiXi = 1

The isometry group of AdS5 is SO(2, 4), while that of S5 is SO(6), both acting

in the obvious way on the embedding co-ordinates.8 In terms of these, the

Polyakov action needs a pair of Lagrange multipliers:

S =
R2

4πα′

ˆ

dxdt
1
2

(
∂aY · ∂aY− Λ(Y2 + 1) + ∂aX · ∂aX− Λ′(X · X− 1)

)

Here we have also pulled out the common radius factor R2, and see that the ac-

tion depends only on the dimensionless ratio of this to the string length squared.

R $
√

α′ is the limit in which the space is much larger than the string length.

In fact this is the classical string limit, which can be seen by noting that in the
7In addition to this metric the background has N units of self-dual 5-form flux F5, but this will not

concern us.
8For superstrings in this background, these are the bosonic parts of the full PSU(2, 2|4) super-

group, just as on the gauge side.

78

R/
√

α′ R !
√

α′

R2,4 R6

AdS5 × S5

and the definition λ′ = λ/J2, and then expand in small λ′:

(∆− J)n =
√

1 + n2λ′

= 1 +
1
2

n2λ′ + o(λ′2).

This is half of (5.21), which was for two impurities above Ovac.

A more literal derivation of the fact that ∆ − J is a Hamiltonian was given

by FROLOV AND TSEYTLIN [119]. This works in conformal gauge, and is more

easily adapted to the situation studied in the next chapter. Starting with a string

solution of a point particle circling the sphere (along the same line as above)

they add small fluctuations to it:

Xµ = Xµ
vac +

1
λ1/4 X̃µ (5.24)

and expand both the energy ∆ and the angular momentum J in these fluctua-

tions. These are defined

J =
√

λ

2π

ˆ

dx (X1∂tX2 − X2∂tX1) (5.25)

∆ =
√

λ

2π

ˆ

dx 1 (5.26)

The result is that, while ∆ and J both diverge as
√

λ→∞, the difference is

∆− J =
1

4π

ˆ

dxdt
[
gauge modes + ∂t X̃ i∂t X̃ i + ∂x X̃ i∂x X̃ i + (X̃ i )2

]
(5.27)

which is exactly what we would normally call the Hamiltonian for the fluctua-

tions. It has the same modes as above (after taking J →∞).

87

R× S5 t = τAdS

and Q sim. with X3 & X4

Z =
∫

DX ... exp
(

iR2

!
√

α′

∫
d2xL

)

PSU(2, 2|4)
SO(4, 1)× SO(5)

α′



AdS/CFT says that the parameters of the two theories are related

Perturbative YM:
Semiclassical strings: 

Large-J Limits

One view is that large N is a made-up parameter (N = 3 for QCD) 
to help us at strong coupling. 

The idea of BMN was to smuggle in one more parameter: 
let one of the so(6) charges, J, become very large. 

In their original limit, this allowed them to access both sides:
effective gauge coupling                 small while    large.
We’ll instead keep J and independent.

AdS, and on this surface the metric is

ds2
AdS + ds2

S5 =
1
δ

(
−dτ2 + dr2 + r2dΩ2

3 + δ ds2
S5 + o(δ)

)

= ε(|x|)
(
−dτ2 + dx2) . (5.15)

We have included the metric for the sphere factor here to point out that, as

δ → 0, this becomes very small compared to τ & r . Apart from the conformal

factor 1/δ, we have the metric for R × S3, and on the last line we perform

a further conformal mapping to flatten this out to Minkowski space, R1,3. The

map we need is a stereographic projection, like this but in one more dimension:

Correspondence

According to AdS/CFT, the parameters of the two theories are related as fol-

lows:
(

R√
α′

)4

= λ = g2
YMN (5.16)

and

4πgstring = g2
YM (5.17)

The ’t Hooft limit is to take N →∞ with λ fixed. This implies that gYM and thus

gstring become very small.

As it stands these theories are tractable in opposite limits: when λ& 1, the

string theory consists of classical strings exploring a large background geom-

etry, and when λ ' 1, the gauge theory can be treated perturbatively. This

81
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As it stands these theories are tractable in opposite limits: when λ& 1, the

string theory consists of classical strings exploring a large background geom-

etry, and when λ ' 1, the gauge theory can be treated perturbatively. This

81

1 + λ + λ2 + ...
1 + 1/

√
λ + 1/λ + ...

λ′ = λ/J2

[Berenstein, Maldacena, Nastase 2002]
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etry, and when λ ' 1, the gauge theory can be treated perturbatively. This
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1 + λ + λ2 + ...
1 + 1/

√
λ + 1/λ + ...

λ′ = λ/J2

[Berenstein, Maldacena, Nastase 2002]
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Spin Chains 

When working out ∆, we evaluate diagrams
whose (planar!) loop expansion reads: 

In the SU(2) sector, one-loop ∆-J is the Heisenberg spin chain Hamiltonian:

as long as we interpret  Tr(ZZZZXZZXZZZ) =                          .

And this system has spin-flip excitations called magnons,
which have  

Larger su(2|3) sector with length-changing operators: derive from symmetry.

The earlier BMN operators had p ~ 1/J ≪ 1, here we allow this to be order 1. 

ϕ ϕ ϕ ϕ ϕ ⋯ ϕ

ϕ ϕ ϕ ϕ ϕ ⋯ ϕ

ϕ ϕ ϕ ϕ ϕ ⋯ ϕ ϕ ϕ ϕ ϕ ϕ ⋯ ϕ ϕ ϕ ϕ ϕ ϕ ⋯ ϕ

+ +H() H() + . . .This is in fact precisely the the Heisenberg spin chain Hamiltonian , which we

would more usually write

H =
∑

i

Hi =
λ

8π2

∑

i

si · si+1

And the system can be solved in much the same way.

The excitations of such a spin chain are called magnons, and have disper-

sion relation of the form

E = sin(p/2)

5.3.4 Opening the trace

Allowing p not to be small, we add central generators to the algebra

psu(2, 2|4)→ psu(2, 2|4)× u(1)2

Using only this centrally extended algebra, it was shown by Beisert ??? that

the dispersion relation is

E(p) =
√

Q2 + f (λ)2 sin2
(p

2

)
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ϕ ϕ ϕ ϕ ϕ ⋯ ϕ

ϕ ϕ ϕ ϕ ϕ ⋯ ϕ

ϕ ϕ ϕ ϕ ϕ ⋯ ϕ ϕ ϕ ϕ ϕ ϕ ⋯ ϕ ϕ ϕ ϕ ϕ ϕ ⋯ ϕ

+ +H() H() + . . .

〈O,O〉 =

↓↓↓↓↑↓↓↑↓↓↓

[Minahan & Zarembo, 2002]

〈O,O〉 =

E =
√

λ

π
sin

(p
2

)

[Inês, friday morning] [Beisert, 2004]
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The Bethe Ansatz

From these magnons, one can exactly solve the system.

Write one magnon as
then his anstaz for two-magnon energy eigenstates was  

where S(p1,p2) is the two-particle S-matrix.

You can go on to diagonalise the n-magnon sector using the fact that 
the S-matrix factorises: this is an integrable system.

Extensions

This is a completely trivial sector of AdS/CFT. Try to extend...

Full theory, four loops.

All-loop conjectures.

Integrability
As many conserved charges as degrees of freedom.

{p1,p2,p3}

{p1,p2,p3} on shell!
=

Implies factorised scattering:
∑
p
∑
p2
∑
p3

(e.g. conserve

         ,        ,        

with three particles)

Figure 9.2: A toy integrable system, consiting of three particles with conser-
vation laws for

∑
i pi (momentum)

∑
i p2

i (energy) and also
∑

i p3
i . At an inter-

mediate stage of their scatering, the particles identities can be shuffled but all
remain on-shell.

the formation of galaxies (thus stars, planets, oceans and cells) then perhaps

we can use our existence as a data-point. This remains a highly controversial

topic, although in the absence of a better explanation of the smallness of Λ, it

is unlikely to go away.

9.2 Integrable Systems

Lurking behind the discussions of spin chains and giant magnons in AdS/CFT

is the fact that both of these theories appear to be integrable, which gives hope

that we may be able to bridge the gap between λ! 1 and λ" 1.

We say a system is integrable when it has as many conservation laws as

degrees of freedom. A toy example is shown in figure ??: one consequence of

this is that scattering of 3 or more particles always factorises into the scattering

of just two particles — it can produce neither virtual particles nor a shower of

extra outgoing particles. Often we can solve integrable systems exactly, in the

sense of finding the complete list of Hamiltonian eigenstates.

The classic example of this is the Heisenberg spin chain (??), which was

solved by BETHE [253]. Starting with single-particle eigenstates |p〉 =
∑

x eipx |x〉

217

(where |x〉 represents a spin flipped at site x , a magnon) his ansatz for two-

particle eigenstates was

|p1, p2〉 =
∑

x1,x2

(
eip1x1+ip2x2 + S(p1, p2)eip1x2+ip2x1

)
|x1, x2〉

where S(p1, p2) is the two-particle S-matrix. One similarly build up the rest of

the spectrum, using the factorised n-particle S-matrix.1

This model is exacly the YM spin chain of interest in AdS/CFT, in a small

sector su(2), at one loop, and on infinitly long operators. The game is to relax

each of these three restrictions. At present the full psu(2, 2|4)×u(1)2 spin chain

is known to be integrable up to ??4 loops, and finite J...

On the other side of the duality, classical strings (symmetric space sigma-

models) are also integrable... BENA ET AL. [256], MANDAL ET AL. [257]

!

1The algebraic Bethe ansatz is a later and more sophisticated development, but achieves a
similar goal. FADDEEV [254], NEPOMECHIE [255]
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[Bethe, 1931]

[Beisert 2004]  & references!

Gromov & Vieira, Arutynov, Frolov, Staudacher, ...

(Analytic BA: [Faddeev et al.] )
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2. Giant 
Magnons



where 

and the worldsheet velocity is 

The dispersion relation is

The periodic p is now the opening 
angle along the equator. 

We need several magnons to 
make up a closed string:

Are the string solutions dual to spin chain excitations, with finite p.

Explicitly:

solution explores the whole curves space, not just the portion near to some

geodesic. (Earlier work studied ‘giant gravitons’ which are D-brane solutions

covering much of the space: MCGREEVY ET AL. [122], CORLEY ET AL. [123].)

Explicitly, the solution written inconformal gauge is this:

X 0 = t

X 1 + iX 2 = eit
(

v + i
√

1− v2 tanh u
)

(5.29)

X 3 =
√

1− v2 sech u.

Here X 0 = τ is AdS time, and using this as worldsheet time fixes the scale of

the worldsheet co-ordinates; this choice is called static or timelike conformal

gauge. The velocity on the worldsheet is v = cos(p/2), and u is a boosted

co-ordinate

u =
x − v t√
1− v2

. (5.30)

In this gauge, ∆ =
√

λ
2π

´

dx , and J is defined by (5.25). Thus ∆ → ∞ implies

that a single magnon has infinite worldsheet length. As x → ±∞, the solution

becomes

X 1 + iX 2 → eite±ip/2

X 3 → 0

i.e. the solution approaches two points on the equator, an angle p apart. The

vacuum solution (5.18) is exactly such a point particle, which we can interpret

as saying that the magnon is a localised object on the worldsheet. To build up a

closed string solution, we attach other magnons at these points (very far away

91
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v = cos(p/2)

up to one arbitrary function f (λ). This is a rather strange dispersion relation,

which looks like a mongrel lattice / relativistic particle:

E(p) = p2/2m in a non-relativistic theory

= sin2
(p

2

)
on a lattice

=
√

m2 + p2 in a relativistic theory

.

Also wanted to cite KRUCZENSKI [120] nicely somewhere...

5.3.5 Giant Magnons

The string states dual to the spin chain magnons were constructed by HOFMAN

AND MALDACENA [121]. They have infinite angular momentum J and energy

∆, with difference

E = ∆− J =
√

λ

π
sin

(p
2

)
(5.28)

from which we read off that, at large λ, the function f (λ) =
√

λ/π.

In order to consider just one magnon (with p #= 0) we make a change to

the theory corresponding to dropping the trace condition on the operators: we

allow strings which do not close. It is understood, in both cases, that a physical

state must consist of a set of excitations with
∑

p = 0. The meaning of p in the

string state is that it is the opening angle along the equator of the sphere — the

periodicity which on the spin chain side is characteristic of a discrete system

becomes a geometric feature.

The reason for the name ‘giant’ is that, unlike the BMN strings (5.24), this

90

[Hofman & Maldacena, 2006]
∑

i

pi = 0 mod 2π



Dyonic Giant Magnons

are solutions with a second large angular momentum 

dual to a bound state of Q impurities.

These live in S 3, 

Metric                                                          , 
ansatz          ,             and              .

(Actually found using complex sine-gordon.)

Figure 5.5: The giant magnon.

on the worldsheet).

When the magnon is stationary on the worldsheet, v = 0 i.e. p = π, then the

solution reduces to one half of GUBSER ET AL. [124]’s folded spinning string

solution. This is the solution on S2 analogous to the flat space solution (5.6).

The cusps (where the string folds back on itself) always move at the speed of

light, and thus the largest such solution on the sphere is the one where these

cusps trace out the longest line on the sphere, the equator. It is this case which

is identical to two p = π magnons.

The string solution corresponding to a bound state of Q magnons was found

by DOREY [125] (see also CHEN ET AL. [126]) and named the Donica giant

magnon. This adds to (5.29) a second angular momentum Q of order
√

λ,

allowing you to see the full dispersion relation:

∆− J =
√

Q2 +
λ

π2 sin2
(p

2

)
(5.31)

where Q is another SO(6) charge, defined like J (5.25) but for (say) the X 3-X 4

plane.12

The explicit solution is as follows, in terms of two parameters r and p (or α

12For the fundamental excitation Q = 1, which is indistinguishable from zero in the
√

λ" 1 limit
in which these solutions make sense.
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Q ∼
√

λ

ds2 = dθ2 + sin2 θ dφ2 + cos2 θ dψ2

[Dorey 2006]
[Chen, Dorey, Okamura, 2006]

X 1 + iX 2 = eit cos θd(u)

X 3 + iX 4 = eiωt sin θd(u)

φ = t ψ = ωt θ = θ(u)



We’ll discuss two other points of view:

String sigma-model

Sine-gordon theory

Algebraic Curves

Worldsheet integrated over, 
but charges clear.

Worldsheet manifest, 
but charges opaque.

of which the last two are both perpendicular to the first. The only remaining

SO(3) invariant is the angle between the last two, which we call α:

cos α = ∂+X · ∂−X.

Now express second derivatives of X in this basis:

∂2
+X = C1X + C2∂+X + C3∂−X

= −X + (∂+α) cot α ∂+X− (∂+α)
sin α

∂−X

∂2
−X = −X− (∂−α)

sin α
∂+X + (∂−α) cot α ∂−X.

We can use these to work out the equation of motion for α:

∂+∂−α = −∂−

(
∂2

+X · ∂−X
sin α

)

= − 1
sin α

(
∂2

+X · ∂2
−X + ∂−∂2

+X · ∂−X− (∂−α) cot α ∂2
+X · ∂−X

)

= − sin α . (5.33)

using identities

∂2
+X · ∂−X = −(∂+α) sin α

∂−∂2
+X · ∂−X = ∂+ (∂+∂−X) · ∂−X = − cos2 α

∂2
+X · ∂2

−X = 1− (∂+α)(∂−α) cos α.

What we have shown in (5.33) is that α obeys the sine-gordon equation.
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Giant Magnon is sent to the kink:

with energy

This is the equation of motion following from the Lagrangian

L = −1
2

(∂tα)2 +
1
2

(∂xα)2 − U(α) (5.34)

(and thus HamiltonianH = 1
2 (∂tα)2+ 1

2 (∂xα)2+U(α), in stringy sign conventions),

with the periodic potential

U(α) = 1− cos α = 2 sin2
(α

2

)
. (5.35)

For small α, the potential is U(α) = 1
2α2 − 1

24α4 + ..., so this has excitations like

those of φ4 theory. But it has another class of excitations, connecting α = 0 at

x = −∞ to the next ‘valley’ of the potential α = 2π at x = +∞, of the form:

tan
(α

4

)
= ex .

Magnons

The single giant magnon (7.19) with velocity v (and boosted co-ordinate u) is

mapped to the boosted kink

α = −4 arctan(e−u).

The constant in U(α) was chosen to make the vacuum α = 0 have energy zero.

The energy of the kink above this is then

Es.g = 8γ =
8

sin(p/2)
. (5.36)
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Map is

[Pohlmeyer, 1976]

Larger sectors:
[Grigoriev & Tseytlin]
[Mikhailov & Schafer-Nameki]



t = 10

t = 2

t = −10 X3

t

x

Scattering Magnons

on the worldsheet.

Exact solution:
AND VOLOVICH [137] in the form:

X 1 + iX 2 = eit
(

1 +
A + iB

D

)

X 3 = (v1 − v2)

√
1− v2

1 cosh u2 −
√

1− v2
2 cosh u1

D
(5.37)

where v1 and v2 are the two solitons’ velocities, u1 = x−v1t√
1−v2

1
and u2 = x−v2t√

1−v2
2

and

A = (v1 − v2)2 cosh u1 cosh u2

B = (v1 − v2)
(√

1− v2
1 sinh u1 cosh u2 −

√
1− v2

2 cosh u1 sinh u2

)

D =
√

1− v2
1

√
1− v2

2 (1 + sinh u1 sinh u2)− (1− v1v2) cosh u1 cosh u2.

This solution is drawn in figure 5.6.

The exact scattering solution for two sine-gordon kinks is:14

tan
α

4
=

cosh(γvt)
v sinh(γx)

. (5.38)

This is written in the ‘centre of mass’ frame, where the two kinks have velocities

v and −v . Since sine-gordon theory is a relativistic field theory, we can boost

this by v ′ to obtain two kinks with arbitrary velocities v1 = v ′+v
1+vv ′ and v2 = v ′−v

1−vv ′ .

The resulting solution is the one related to the string scattering solution (5.37)

above.

The two kinks (like the two magnons) emerge unscathed from this scatter-
14For a kink and an anti-kink, tan α

4 = (sinh γvt)/(v cosh γx). I copied these from KLOSE AND
MCLOUGHLIN [138], where they are labelled the other way around, but from plotting them this is
the right way! Anyway the time delay does not care about the gender of the kinks. These two
solutions, like the simple kink, are of Lamb form tan α

4 = F (t)G(x), although the boosted solution
will not be.
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2 (1 + sinh u1 sinh u2)− (1− v1v2) cosh u1 cosh u2.

This solution is drawn in figure 5.6.

The exact scattering solution for two sine-gordon kinks is:14

tan
α

4
=

cosh(γvt)
v sinh(γx)

. (5.38)

This is written in the ‘centre of mass’ frame, where the two kinks have velocities

v and −v . Since sine-gordon theory is a relativistic field theory, we can boost

this by v ′ to obtain two kinks with arbitrary velocities v1 = v ′+v
1+vv ′ and v2 = v ′−v

1−vv ′ .

The resulting solution is the one related to the string scattering solution (5.37)

above.

The two kinks (like the two magnons) emerge unscathed from this scatter-
14For a kink and an anti-kink, tan α

4 = (sinh γvt)/(v cosh γx). I copied these from KLOSE AND
MCLOUGHLIN [138], where they are labelled the other way around, but from plotting them this is
the right way! Anyway the time delay does not care about the gender of the kinks. These two
solutions, like the simple kink, are of Lamb form tan α

4 = F (t)G(x), although the boosted solution
will not be.
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... which is very simple:

Figure 5.7: Scattering of sine-gordon kinks. On the left, the two kinks have
v1 = 0.95 and v2 = 0.6, the same as the magnons shown in figure 5.6. The
three blue lines are drawn at the same time-steps, t = −10, 2, 10. On the right,
they have been boosted by v ′ = −0.852 to have ±v = 0.515. Each kink has
height ∆α = 2π.

ing, apart from a time delay. Since (in timelike conformal gauge) the worldsheet

co-ordinates are precisely the 1 + 1 dimensions of the sine-gordon theory’s

spacetime, the time delay for magnon scattering is the same as that for two

sine-gordon kinks. In the centre of mass frame, following the point tan α
4 = ±1

as x , t → ±∞ in (5.38), we find

∆tv ,−v = 2
√

1− v2

v
log v . (5.39)

After boosting this, the delay experienced by the v1 kink passing through v2 is

∆tv1,v2 = 2

√
1− v2

1

v1
log




1− v1v2 +

√
1− v2

1

√
1− v2

2

1− v1v2 −
√

1− v2
1

√
1− v2

2



 (5.40)

What HOFMAN AND MALDACENA [121] do with this is to compute the phase

shift from
∂δ1,2

∂E1
= ∆tv1,v2 i.e. δ1,2 =

ˆ E1

0
∆tv (E),v2 dE

100
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where the energy for the magnon is E = ∆− J =
√

λ
2 sin p

2 .

This is the point at which the magnon calculation leaves the sine-gordon

one, where you would use energy Es.g = 8γ from (5.36) instead. This is an

illustration of how the different notions of energy in the two cases lead to dif-

ferent quantum theories, since the phases of scattering wavefunctions will be

different in the two cases.

They then use this to compare to the gauge-theory S-matrix of ARUTYUNOV

ET AL. [139] and find agreement. They comment that this paper uses a gauge

in which the density of E is constant, as here, whereas other papers (their ref.

35, 36) keep J or E + J constant. See also ARUTYUNOV ET AL. [140].

5.4.3 The Bäcklund Transformation and Dressing

The solution (5.37) can be found using the following Bäcklund transformation:15

Xa+b = Xvac − (X1 − X2)
Xvac · (X1 − X2)

1− X1 · X2
.

where Xvac = (cos t , sin t , 0) is the relevant point-particle solution, and X1, X2

are two single-magnon solutions with velocities v1 and v2.

It can also be found using the dressing method, which is a way of generating

multi-soliton solutions above a given vacuum in the principal chiral model. (See

HARNAD ET AL. [141], SASAKI [142].) The ‘dressed’ solution Ψ is obtained

from the ‘bare’ vacuum Ψ0 by Ψ = χ(0)Ψ0, where the dressing matrix χ(λ) is

a function of a spectral parameter. Each independent pole16 of χ(λ) results in

one soliton, and in the cases of interest here, its position contains the solution’s
15I don’t know the reference for this! [??]
16Sometimes there is also an image pole at 1/λ1.
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Figure 3: Branch cuts & evaluation points. On the left, the situation for the pair of small magnons, where
only the cuts for Gfinite(x) appear. The evaluation points x± straddle the cut from X + to Y +,
which is at radius |x | = r . On the right, the cuts in Gfinite(1/x) are drawn too, which is the
situation encountered in the ‘small’ and ‘big’ magnons. The evaluation points are on the same
side of the cut from 1/X + to 1/Y +, and remain so even when we take the non-dyonic limit r → 1.
(These are drawn for φ = 0.)

cuts and the points used. The result is

δ =
8i e−ip/4eiπne−iφ

√
r2 − 1 sin( p

2 )
√

e−ip/2 − r2eip/2
exp

(
i∆r/4g

e−ip/2 − r2eip/2

)
= eiψ |δ|

In order to have a real energy correction, we demand that δ be real. We then find the correction
to be

δE = −32g cos(2φ)
r2 − 1
r2 + 1

sin3 ( p
2

)
√

r2 + 1
r2 − 2 cos(p)

e−∆E
/

S( p
2 ) + o(δ3)

= −32g2 cos(2φ)
Q

E
√

S( p
2 )

sin3
(p

2

)
e−∆E

/
S( p

2 ) + o(δ3) (26)

where we define

S( p
2 ) = 4g2 (r2 − 1)2

r2 + 16g2 sin2
(p

2

)

and note that, in the present ‘small’ case, S( p
2 ) = Q2

4 sin2( p
2 ) + 16g2 sin2 ( p

2

)
→ E2 when r → 1.

Three comments

• Our result (26) is for the dyonic case Q/g ∼ 1. As written it appears that δE → 0 in the
non-dyonic limit r → 1, but this isn’t correct. We’ve implicitly assumed, when expanding
in δ, that δ % r − 1 ∼

√
Q/g, and this forbids taking r → 1. However, we can derive the

correction for the non-dyonic case by writing r = 1 + kδ before assuming that δ is small,
then expanding in δ, fixing δ using the branch cut, and only then taking the limit k → 0.
The result is the AFZ form:

δEr=1 = −16g cos(2φ) sin3
(p

2

)
e−2∆/E + o(δ3). (27)

16

δE ∝

[Gromov, Schafer-Nameki, Vieira]

[Keeler & Mann] 
[Fiamberti, Santambrogio, Sieg Zanon]
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3.   ABJM
      theory



The action is:

Symmetries

Conformal theory in 2+1 dimensions: so(2,3)

Four complex scalars in 4 of su(4) R-symmetry:

                      gauge symmetry, scalars in           .  

Consider long ‘alternating’ operators:

coudl (in certain cases) be re-written as a field theory with Lie-algebra sym-

metry. This is a special case k = 1 of the SU(N) × SU(N) ABJM theory. For

Earlier work on Chern–Simons-matter theories see SCHWARZ [176], GAIOTTO

AND YIN [177], GAIOTTO AND WITTEN [178], HOSOMICHI ET AL. [179].

7.1.2 N = 6 superconformal Chern–Simons theory

The N = 6 superconformal Chern–Simons-matter theory of ABJM AHARONY

ET AL. [180] of interest here has gauge symmetry U(N) × U(N). We will only

study its scalars Ai , Bi . The fields A1, A2 are matrices in the (N, N̄) representa-

tion of this (one fundamental index, one anti-fundamental), and the fields B1, B2

in the (N̄, N). In addition to this gauge symmetry,

• There is a manifest SU(2)A R-symmetry in which the As form a doublet,

and SU(2)B acting on the Bs.

• And the conformal group is SO(2, 3), since we are in 2+1 dimensions.

Taking spacetime to be R×S2, we restrict attention to fields in the lowest

Kaluza–Klein mode on this S2, i.e. in the singlet representation of SO(3)r ,

which is the spatial part of the conformal group.

In BENNA ET AL. [181] it was proven that the full R-symmetry is in fact SU(4),

with the following vector in the fundamental representation:

Y A = (A1, A2, B†
1, B†

2) (7.1)

and Y †
A in the anti-fundamental. If we keep only (Y 1, Y 4) = (A1, B†

2) then we

have a subgroup called SU(2)G′ , and if we keep only (Y 2, Y 3) = (A2, B†
1) then
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Figure 2: The planar diagrams that contribute to operator mixing at two loops. The horizontal
bar denotes the operator. The directions of the arrows refer to the flow of the SU(4) flavor. Since
the superpartners of the scalars are in the conjugate representation of SU(4), the fermion arrows in
(b) and (c) have the opposite orientation. The gauge propagators in (d), (e), (f) and (g) do not have
arrows since they do not carry SU(4) charges. It turns out that only (a), (b) and (d) contribute to
the anomalous dimension.

The action of the N = 6 Chern-Simons [1] is2

S =
k

4π

∫

d3x tr

[

εµνλ

(

Aµ∂νAλ +
2

3
AµAνAλ − Âµ∂νÂλ − 2

3
ÂµÂνÂλ

)

+ DµY †
ADµY A

+
1

12
Y AY †

AY BY †
BY CY †

C +
1

12
Y AY †

BY BY †
CY CY †

A − 1

2
Y AY †

AY BY †
CY CY †

B

+
1

3
Y AY †

BY CY †
AY BY †

C + fermions

]

, (2.3)

where DµY = ∂Y + AµY − Y Âµ, DµY † = ∂µY † + ÂµY † − Y †Aµ. Since the interactions

are of the Y 6 type (and Y 2Ψ2, if we include fermions), the lowest order contribution to the

mixing matrix arises at two loops (figure 2). The scalar diagram (a) connects three sites

on the spin chain, so the Hamiltonian will involve interactions of three adjacent spins:

Γ =
λ2

4

2L
∑

l=1

Hl,l+1,l+2, (2.4)

where Hl,l+1,l+2 acts on V̄ ⊗V ⊗ V̄ for l even and on V ⊗ V̄ ⊗V for l odd. The diagrams in

(b) and (c) contribute only to the nearest-neighbor interactions. And finally there are also

diagrams with the gauge-boson exchange and the self-energy graphs. We will compute the

scalar diagram here and the other diagrams in appendix A. The gauge-boson exchange and

self-energy contribute only to the diagonal term in the Hamiltonian, and we will reconstruct

them by supersymmetry.

The loop integral in the scalar diagram can be easily calculated in the coordinate

representation:
∫

d3x

(

1

4π|x|

)3

=
1

16π2
ln Λ .

This contains three 3-dimensional propagators in the coordinate representation. The

non-trivial part is combinatorics of the SU(4) indices, which can be handled graphically.

Omitting unnecessary details, we show the odd-site Hamiltonian in figure 3. The even-

site Hamiltonian is obtained by flipping the arrows. The Hamiltonian can be expressed

2The fermion terms in the action [11] are listed in the appendix A.
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we have the subgroup SU(2)G.3

This theory is dual to membranes on the 1–dimensional spacetime AdS4 ×

S7/Zk , where (k ,−k ) are the level numbers of the two Chern–Simons terms.

The ’t Hooft limit N → ∞ with λ = N/k fixed sends k → ∞, and reduces the

dual theory to type IIA strings on AdS4 × CP3.

7.1.3 Spin Chain description

To find a spin-chain description, GAIOTTO ET AL. [17], MINAHAN AND ZAREMBO

[182], BAK AND REY [183] study gauge invariant operators of length 2L of the

form

O = χB1B2···BL
A1A2···AL

tr Y A1Y †
B1

Y A2Y †
B2

... Y ALY †
BL

.

When χ is fully symmetric (in the As, and in the Bs) and traceless, O is a chiral

primary, thus protected, and has scaling dimension ∆ = L. In this case the

anomalous dimension, defined D = ∆− L, will be zero.

The SU(2) × SU(2) sector refers to operators O in which only Y 1, Y 2 and

Y †
3 , Y †

4 appear. (That is, only fields A1, A2, B1 and B2. The two factors in the

name are SU(2)A and SU(2)B.) The SU(3) sector allows operators with Y 1,

Y 2, Y 3 and Y †
4 . For both of these, the vacuum is taken to be

Ovac = tr
(

Y 1Y †
4

)L
. (7.2)

This has ∆ = L, and J = L, where J is the Cartan generator in SU(2)G′ : J(Y 1) =

1
2 and J(Y 4) = − 1

2 , thus J(Y †
4 ) = + 1

2 .

3These subscripts are the notation of GAIOTTO ET AL. [17], except that they have B1 and B2 the
other way around: their spin chain vacuum is tr(A1B†

1 )L rather than the tr(Y 1Y †
4 )L of MINAHAN AND

ZAREMBO [182] which we use, (7.2).
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7.1.2 N = 6 superconformal Chern–Simons theory

The N = 6 superconformal Chern–Simons-matter theory of ABJM AHARONY

ET AL. [180] of interest here has gauge symmetry U(N) × U(N). We will only

study its scalars Ai , Bi . The fields A1, A2 are matrices in the (N, N̄) representa-

tion of this (one fundamental index, one anti-fundamental), and the fields B1, B2

in the (N̄, N). In addition to this gauge symmetry,

• There is a manifest SU(2)A R-symmetry in which the As form a doublet,

and SU(2)B acting on the Bs.

• And the conformal group is SO(2, 3), since we are in 2+1 dimensions.

Taking spacetime to be R×S2, we restrict attention to fields in the lowest

Kaluza–Klein mode on this S2, i.e. in the singlet representation of SO(3)r ,

which is the spatial part of the conformal group.

In BENNA ET AL. [181] it was proven that the full R-symmetry is in fact SU(4),

with the following vector in the fundamental representation:

Y A = (A1, A2, B†
1, B†

2) (7.1)

and Y †
A in the anti-fundamental. If we keep only (Y 1, Y 4) = (A1, B†

2) then we

have a subgroup called SU(2)G′ , and if we keep only (Y 2, Y 3) = (A2, B†
1) then
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Figure 2: The planar diagrams that contribute to operator mixing at two loops. The horizontal
bar denotes the operator. The directions of the arrows refer to the flow of the SU(4) flavor. Since
the superpartners of the scalars are in the conjugate representation of SU(4), the fermion arrows in
(b) and (c) have the opposite orientation. The gauge propagators in (d), (e), (f) and (g) do not have
arrows since they do not carry SU(4) charges. It turns out that only (a), (b) and (d) contribute to
the anomalous dimension.

The action of the N = 6 Chern-Simons [1] is2

S =
k

4π

∫

d3x tr

[

εµνλ

(

Aµ∂νAλ +
2

3
AµAνAλ − Âµ∂νÂλ − 2
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(b) and (c) contribute only to the nearest-neighbor interactions. And finally there are also

diagrams with the gauge-boson exchange and the self-energy graphs. We will compute the

scalar diagram here and the other diagrams in appendix A. The gauge-boson exchange and

self-energy contribute only to the diagonal term in the Hamiltonian, and we will reconstruct
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Figure 2: The planar diagrams that contribute to operator mixing at two loops. The horizontal
bar denotes the operator. The directions of the arrows refer to the flow of the SU(4) flavor. Since
the superpartners of the scalars are in the conjugate representation of SU(4), the fermion arrows in
(b) and (c) have the opposite orientation. The gauge propagators in (d), (e), (f) and (g) do not have
arrows since they do not carry SU(4) charges. It turns out that only (a), (b) and (d) contribute to
the anomalous dimension.
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ÂµÂνÂλ

)

+ DµY †
ADµY A

+
1

12
Y AY †

AY BY †
BY CY †

C +
1

12
Y AY †

BY BY †
CY CY †

A − 1

2
Y AY †

AY BY †
CY CY †

B

+
1

3
Y AY †

BY CY †
AY BY †

C + fermions

]

, (2.3)

where DµY = ∂Y + AµY − Y Âµ, DµY † = ∂µY † + ÂµY † − Y †Aµ. Since the interactions

are of the Y 6 type (and Y 2Ψ2, if we include fermions), the lowest order contribution to the

mixing matrix arises at two loops (figure 2). The scalar diagram (a) connects three sites

on the spin chain, so the Hamiltonian will involve interactions of three adjacent spins:

Γ =
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4
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∑
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where Hl,l+1,l+2 acts on V̄ ⊗V ⊗ V̄ for l even and on V ⊗ V̄ ⊗V for l odd. The diagrams in

(b) and (c) contribute only to the nearest-neighbor interactions. And finally there are also

diagrams with the gauge-boson exchange and the self-energy graphs. We will compute the

scalar diagram here and the other diagrams in appendix A. The gauge-boson exchange and

self-energy contribute only to the diagonal term in the Hamiltonian, and we will reconstruct

them by supersymmetry.

The loop integral in the scalar diagram can be easily calculated in the coordinate

representation:
∫
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(
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)3

=
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This contains three 3-dimensional propagators in the coordinate representation. The

non-trivial part is combinatorics of the SU(4) indices, which can be handled graphically.

Omitting unnecessary details, we show the odd-site Hamiltonian in figure 3. The even-

site Hamiltonian is obtained by flipping the arrows. The Hamiltonian can be expressed

2The fermion terms in the action [11] are listed in the appendix A.
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the superpartners of the scalars are in the conjugate representation of SU(4), the fermion arrows in
(b) and (c) have the opposite orientation. The gauge propagators in (d), (e), (f) and (g) do not have
arrows since they do not carry SU(4) charges. It turns out that only (a), (b) and (d) contribute to
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ÂµÂνÂλ
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7.1.3 Spin Chain description

To find a spin-chain description, GAIOTTO ET AL. [17], MINAHAN AND ZAREMBO

[182], BAK AND REY [183] study gauge invariant operators of length 2L of the

form

O = χB1B2···BL
A1A2···AL

tr Y A1Y †
B1

Y A2Y †
B2

... Y ALY †
BL

.

When χ is fully symmetric (in the As, and in the Bs) and traceless, O is a chiral

primary, thus protected, and has scaling dimension ∆ = L. In this case the

anomalous dimension, defined D = ∆− L, will be zero.

The SU(2) × SU(2) sector refers to operators O in which only Y 1, Y 2 and

Y †
3 , Y †

4 appear. (That is, only fields A1, A2, B1 and B2. The two factors in the

name are SU(2)A and SU(2)B.) The SU(3) sector allows operators with Y 1,

Y 2, Y 3 and Y †
4 . For both of these, the vacuum is taken to be

Ovac = tr
(

Y 1Y †
4

)L
. (7.2)

This has ∆ = L, and J = L, where J is the Cartan generator in SU(2)G′ : J(Y 1) =

1
2 and J(Y 4) = − 1

2 , thus J(Y †
4 ) = + 1

2 .

3These subscripts are the notation of GAIOTTO ET AL. [17], except that they have B1 and B2 the
other way around: their spin chain vacuum is tr(A1B†

1 )L rather than the tr(Y 1Y †
4 )L of MINAHAN AND

ZAREMBO [182] which we use, (7.2).
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Strings in CP 3

The metric is

CP 3 is defined as      with points                 identified.
Constrain length, and treat phase as a gauge freedom:

where                     , and the equations of motion read 

Now fix                         to concentrate on               .
The su(4) charges are defined 

and we’ll want:

it has a dispersion relation matching that of the small giant magnon. It exists in two orientations,
and like the small magnon has a third angular momentum which is J3 = ±Q in these two cases.
We have as yet only been able to find the p = π case of this solution, but this is sufficient to see
these properties.

Finite-J corrections are of increasing importance in the study of gauge and string integra-
bility. They can sometimes be computed directly on the string side by finding solutions with
J < ∞, and all existing finite-J giant magnons are embeddings of well-known S5 results of
this type. [16–19] Other methods that have been used to calculate finite size corrections in-
cludes the construction of corresponding algebraic curves [20–22, 12] and the Lüscher formu-
lae [23,12,19,24].

In this paper we extend the algebraic curve calculations of [12], by calculating finite-J cor-
rections not only for a pair of small giant magnons, but also for a single small magnon and the
big magnon. In the non-dyonic case, all of these give the result AFZ [16] found for a magnon
in S2. Likewise the dyonic pair of giant magnons matches the S3 result: this too is a simple
embedding of that string solution. But for the dyonic small and ‘dyonic’ big magnons, which cor-
respond to string solutions not found in S5, we find new formulae for these energy corrections.1

Outline

In section 2 we set up the string sigma-model, and discuss embeddings of S5 giant magnons,
including their finite-J corrections. We also discuss the recently published dressing method
solution. Then in section 3 we construct the dyonic generalisation of the CP1 magnon, which
lives in CP2.

We then turn to the algebraic curve, and in section 4 set this up, and discuss the known
giant magnons in this formalism. In section 5 we calculate finite-J corrections to all of these
solutions. These corrections match the string results wherever they are known, and are new
results in the dyonic small and big cases.

Most of our results are summarised in two tables, on pages 8 and 14.

2 The string sigma-model for AdS4 × CP3

The string dual of ABJM theory in the ’t Hooft limit is type IIA superstrings in AdS4 × CP3. At
strong coupling in the gauge theory, leading to classical strings, these have large radii R/2 and
R. The metric is then

ds2 =
R2

4
ds2

AdS + R2ds2
CP = R2

(
dyµdyµ

−4y2 +
dzidz̄i

|z|2
− |zidz̄i |2

|z|4

)

where we have embedded AdS4 ⊂ R2,4 and CP3 ⊂ C4 , parameterised by y and z respectively.
To study strings in this space, we constrain the lengths of these embedding co-ordinate vectors:
y2 = yµyµ = −(y−1)2 − (y0)2 + (y1)2 + (y2)2 + (y3)2 = −1 and |z|2 = z1z̄1 + z2z̄2 + z3z̄3 = +1.
In addition to these constraints, points in C4 differing by an overall phase are identified in CP3.
This can be dealt with by introducing a gauge field: write the conformal gauge Lagrangian as

2L =
1
4

∂ay · ∂ay− Λ(y2 + 1) + Daz · Daz− Λ′(z̄ · z− 1)

1A word about terminology. We use dyonic to mean two-parameter two-charge solutions (like Dorey’s) but some-
times write ‘dyonic’ (with scare quotes) for the two-parameter one-charge solution to specify that we mean the case
r != 1. When we speak of the non-dyonic limit, we always mean that we take the second parameter r → 1, and this
always takes us to some embedding of the simplest HM magnon.
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where the covariant derivative is Da = ∂a − Aa. The equation of motion for the gauge field fixes
Aa = z̄ · ∂az. We can write the equations of motion for y and z as2

∂a∂
ay + (∂ay · ∂ay)y = 0, DaDaz +

(
Daz · Daz

)
z = 0.

The AdS and CP components are coupled by the Virasoro constraints, which read:

1
4

∂ty · ∂ty + Dtz · Dtz +
1
4

∂xy · ∂xy + Dxz · Dxz = 0

1
4

∂ty · ∂xy + Re
(

Dtz · Dxz
)

= 0.

We now restrict to solutions in R × CP3, with y−1 + iy0 = e2it and y1 = y2 = y3 = 0. We will
always work in a gauge in which this t is worldsheet time (timelike, or static, conformal gauge).3

The metric then reduces to

ds2
R×CP3 = −dt2 + |dz|2 − |z̄ · dz|2 .

In writing the Lagrangian, and this metric, we have pulled out the large radius factor R2 =
25/2π

√
λ to give a prefactor to the action:

S =
ˆ

dx dt
2π

R2L = 2
√

2λ

ˆ

dx dt L.

This same factor appears when calculating conserved charges. The one from time-translation
(which we define with respect to AdS time, tan τAdS = y0/y−1) is simply

∆ = 2
√

2λ

ˆ

dx
∂L

∂ ∂tτAdS
=
√

2λ

ˆ

dx 1

where at the end we use the fact that τAdS = 2t for the the solutions we’re studying. The charges
from rotations of CP3’s embedding co-ordinate planes are:

J(zi ) = 2
√

2λ

ˆ

dx
∂L

∂ ∂t (arg Zi )
= 2
√

2λ

ˆ

dx



Im(z̄i∂t zi )− |zi |2
∑

j

Im(z̄j∂t zj )





= 2
√

2λ

ˆ

dx Im (z̄iDtzi ) (Σ
/

i )

Only three of the four J(zi ) are independent, since
∑4

i=1 J(zi ) = 0. These three are the charges
from the Cartan generators of su(4), and the charges from all of the generators can be obtained
using their Lie-algebra matrices T a = (T a)ij :

J[T a] = 2
√

2λ

ˆ

dx Im
(
z̄ · T aDtz

)

The matrices T a are Hermitian and traceless, and the charges J(zi ) are those generated by
2Note that the CP3 equation here reduces to that derived in [25], where instead of treating the total phase as a

gauge symmetry it was fixed to a constant using another Lagrange multiplier.
3This implies the the length of the worldsheet cannot be held fixed to 2π. Instead it is proportional to the energy

∆, and thus infinite for the giant magnon. Taking this to be finite makes ∆ and J finite too, thus we use ‘finite-J ’ and
‘finite-size’ interchangeably.
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We now restrict to solutions in R × CP3, with y−1 + iy0 = e2it and y1 = y2 = y3 = 0. We will
always work in a gauge in which this t is worldsheet time (timelike, or static, conformal gauge).3

The metric then reduces to
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R×CP3 = −dt2 + |dz|2 − |z̄ · dz|2 .
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Only three of the four J(zi ) are independent, since
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i=1 J(zi ) = 0. These three are the charges
from the Cartan generators of su(4), and the charges from all of the generators can be obtained
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diagonal T a. The charges we will need for the giant magnons are

J = J(z1)− J(z4) = J [diag(1, 0, 0,−1)]

Q = J(z2)− J(z3) = J [diag(0, 1,−1, 0)] (1)

J3 = J
[
diag(− 1

2 , 1
2 , 1

2 ,− 1
2 )

]

Instead of using four complex numbers as co-ordinates for CP3, we can use six real angles.
One set of these is defined by

z =





sin ξ cos(ϑ2/2) e−iη/2 eiϕ2/2

cos ξ cos(ϑ1/2) eiη/2 eiϕ1/2

cos ξ sin(ϑ1/2) eiη/2 e−iϕ1/2

sin ξ sin(ϑ2/2) e−iη/2 e−iϕ2/2




(2)

and in terms of these angles, the metric is:

ds2
CP3 = dξ2 +

1
4

sin2 2ξ

(
dη +

1
2

cos ϑ1 dϕ1 −
1
2

cos ϑ2 dϕ2

)2

+
1
4

cos2 ξ
(

dϑ2
1 + sin2 ϑ1 dϕ2

1

)
+

1
4

sin2 ξ
(

dϑ2
2 + sin2 ϑ2 dϕ2

2

)
. (3)

The charges of interest can be written using these angles: writing Jϕ2 = 2
√

2λ
´

dx ∂L
∂ ∂t ϕ2

etc.,
we have J = 2Jϕ2 , Q = 2Jϕ1 and J3 = Jη.

2.1 Recycled giant magnons in CP3

The Hoffman–Maldacena giant magnon [3] is a rigidly rotating classical string solution in R×S2.
Writing S2 ⊂ C2, the solution is:

w =

(
eit [

cos p
2 + i sin p

2 tanh u
]

sin p
2 sech u

)
=

(
eiφmag(x ,t) sin θmag(x , t)
cos θmag(x , t)

)
(4)

where u = γ(x − vt). The only parameter is the worldsheet velocity v = cos(p/2). There are two
ways to embed this solution into CP3:

• The first class of giant magnons in CP3 is obtained by placing this solution into the sub-
space CP1 = S2 defined by z2 = z3 = 0, or ξ = π

2 . [4] With our conventions this is a
sphere is of radius 1

2 , and so to maintain timelike conformal gauge the solution should
have angles on this sphere of ϑ2 = θmag(2x , 2t) and ϕ2 = φmag(2x , 2t). In terms of z the
solution is then

z(x , t) =





e i
2 φmag(2x ,2t) sin

( 1
2θmag(2x , 2t)

)

0
0

e− i
2 φmag(2x ,2t) cos

( 1
2θmag(2x , 2t)

)




. (5)

These magnons have dispersion relation

E(p) = ∆− J
2

=
√

2λ sin
(p

2

)
.

• The second class of giant magnons live in RP2, [4] and can be written ξ = θmag(x , t),
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and we’ll want:

it has a dispersion relation matching that of the small giant magnon. It exists in two orientations,
and like the small magnon has a third angular momentum which is J3 = ±Q in these two cases.
We have as yet only been able to find the p = π case of this solution, but this is sufficient to see
these properties.

Finite-J corrections are of increasing importance in the study of gauge and string integra-
bility. They can sometimes be computed directly on the string side by finding solutions with
J < ∞, and all existing finite-J giant magnons are embeddings of well-known S5 results of
this type. [16–19] Other methods that have been used to calculate finite size corrections in-
cludes the construction of corresponding algebraic curves [20–22, 12] and the Lüscher formu-
lae [23,12,19,24].

In this paper we extend the algebraic curve calculations of [12], by calculating finite-J cor-
rections not only for a pair of small giant magnons, but also for a single small magnon and the
big magnon. In the non-dyonic case, all of these give the result AFZ [16] found for a magnon
in S2. Likewise the dyonic pair of giant magnons matches the S3 result: this too is a simple
embedding of that string solution. But for the dyonic small and ‘dyonic’ big magnons, which cor-
respond to string solutions not found in S5, we find new formulae for these energy corrections.1

Outline

In section 2 we set up the string sigma-model, and discuss embeddings of S5 giant magnons,
including their finite-J corrections. We also discuss the recently published dressing method
solution. Then in section 3 we construct the dyonic generalisation of the CP1 magnon, which
lives in CP2.

We then turn to the algebraic curve, and in section 4 set this up, and discuss the known
giant magnons in this formalism. In section 5 we calculate finite-J corrections to all of these
solutions. These corrections match the string results wherever they are known, and are new
results in the dyonic small and big cases.

Most of our results are summarised in two tables, on pages 8 and 14.

2 The string sigma-model for AdS4 × CP3

The string dual of ABJM theory in the ’t Hooft limit is type IIA superstrings in AdS4 × CP3. At
strong coupling in the gauge theory, leading to classical strings, these have large radii R/2 and
R. The metric is then

ds2 =
R2

4
ds2

AdS + R2ds2
CP = R2

(
dyµdyµ

−4y2 +
dzidz̄i

|z|2
− |zidz̄i |2

|z|4

)

where we have embedded AdS4 ⊂ R2,4 and CP3 ⊂ C4 , parameterised by y and z respectively.
To study strings in this space, we constrain the lengths of these embedding co-ordinate vectors:
y2 = yµyµ = −(y−1)2 − (y0)2 + (y1)2 + (y2)2 + (y3)2 = −1 and |z|2 = z1z̄1 + z2z̄2 + z3z̄3 = +1.
In addition to these constraints, points in C4 differing by an overall phase are identified in CP3.
This can be dealt with by introducing a gauge field: write the conformal gauge Lagrangian as

2L =
1
4

∂ay · ∂ay− Λ(y2 + 1) + Daz · Daz− Λ′(z̄ · z− 1)

1A word about terminology. We use dyonic to mean two-parameter two-charge solutions (like Dorey’s) but some-
times write ‘dyonic’ (with scare quotes) for the two-parameter one-charge solution to specify that we mean the case
r != 1. When we speak of the non-dyonic limit, we always mean that we take the second parameter r → 1, and this
always takes us to some embedding of the simplest HM magnon.
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diagonal T a. The charges we will need for the giant magnons are

J = J(z1)− J(z4) = J [diag(1, 0, 0,−1)]

Q = J(z2)− J(z3) = J [diag(0, 1,−1, 0)] (1)

J3 = J
[
diag(− 1

2 , 1
2 , 1

2 ,− 1
2 )

]

Instead of using four complex numbers as co-ordinates for CP3, we can use six real angles.
One set of these is defined by

z =





sin ξ cos(ϑ2/2) e−iη/2 eiϕ2/2

cos ξ cos(ϑ1/2) eiη/2 eiϕ1/2

cos ξ sin(ϑ1/2) eiη/2 e−iϕ1/2

sin ξ sin(ϑ2/2) e−iη/2 e−iϕ2/2




(2)

and in terms of these angles, the metric is:

ds2
CP3 = dξ2 +

1
4

sin2 2ξ

(
dη +

1
2

cos ϑ1 dϕ1 −
1
2

cos ϑ2 dϕ2

)2

+
1
4

cos2 ξ
(

dϑ2
1 + sin2 ϑ1 dϕ2

1

)
+

1
4

sin2 ξ
(

dϑ2
2 + sin2 ϑ2 dϕ2

2

)
. (3)

The charges of interest can be written using these angles: writing Jϕ2 = 2
√

2λ
´

dx ∂L
∂ ∂t ϕ2

etc.,
we have J = 2Jϕ2 , Q = 2Jϕ1 and J3 = Jη.

2.1 Recycled giant magnons in CP3

The Hoffman–Maldacena giant magnon [3] is a rigidly rotating classical string solution in R×S2.
Writing S2 ⊂ C2, the solution is:

w =

(
eit [

cos p
2 + i sin p

2 tanh u
]

sin p
2 sech u

)
=

(
eiφmag(x ,t) sin θmag(x , t)
cos θmag(x , t)

)
(4)

where u = γ(x − vt). The only parameter is the worldsheet velocity v = cos(p/2). There are two
ways to embed this solution into CP3:

• The first class of giant magnons in CP3 is obtained by placing this solution into the sub-
space CP1 = S2 defined by z2 = z3 = 0, or ξ = π

2 . [4] With our conventions this is a
sphere is of radius 1

2 , and so to maintain timelike conformal gauge the solution should
have angles on this sphere of ϑ2 = θmag(2x , 2t) and ϕ2 = φmag(2x , 2t). In terms of z the
solution is then

z(x , t) =





e i
2 φmag(2x ,2t) sin

( 1
2θmag(2x , 2t)

)

0
0

e− i
2 φmag(2x ,2t) cos

( 1
2θmag(2x , 2t)

)




. (5)

These magnons have dispersion relation

E(p) = ∆− J
2

=
√

2λ sin
(p

2

)
.

• The second class of giant magnons live in RP2, [4] and can be written ξ = θmag(x , t),
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2 . [4] With our conventions this is a
sphere is of radius 1

2 , and so to maintain timelike conformal gauge the solution should
have angles on this sphere of ϑ2 = θmag(2x , 2t) and ϕ2 = φmag(2x , 2t). In terms of z the
solution is then

z(x , t) =





e i
2 φmag(2x ,2t) sin

( 1
2θmag(2x , 2t)

)

0
0

e− i
2 φmag(2x ,2t) cos

( 1
2θmag(2x , 2t)

)




. (5)

These magnons have dispersion relation

E(p) = ∆− J
2

=
√

2λ sin
(p

2

)
.

• The second class of giant magnons live in RP2, [4] and can be written ξ = θmag(x , t),

4

diagonal T a. The charges we will need for the giant magnons are

J = J(z1)− J(z4) = J [diag(1, 0, 0,−1)]

Q = J(z2)− J(z3) = J [diag(0, 1,−1, 0)] (1)

J3 = J
[
diag(− 1

2 , 1
2 , 1

2 ,− 1
2 )

]

Instead of using four complex numbers as co-ordinates for CP3, we can use six real angles.
One set of these is defined by

z =





sin ξ cos(ϑ2/2) e−iη/2 eiϕ2/2

cos ξ cos(ϑ1/2) eiη/2 eiϕ1/2

cos ξ sin(ϑ1/2) eiη/2 e−iϕ1/2

sin ξ sin(ϑ2/2) e−iη/2 e−iϕ2/2




(2)

and in terms of these angles, the metric is:

ds2
CP3 = dξ2 +

1
4

sin2 2ξ

(
dη +

1
2

cos ϑ1 dϕ1 −
1
2

cos ϑ2 dϕ2

)2

+
1
4

cos2 ξ
(

dϑ2
1 + sin2 ϑ1 dϕ2

1

)
+

1
4

sin2 ξ
(

dϑ2
2 + sin2 ϑ2 dϕ2

2

)
. (3)

The charges of interest can be written using these angles: writing Jϕ2 = 2
√

2λ
´

dx ∂L
∂ ∂t ϕ2

etc.,
we have J = 2Jϕ2 , Q = 2Jϕ1 and J3 = Jη.

2.1 Recycled giant magnons in CP3

The Hoffman–Maldacena giant magnon [3] is a rigidly rotating classical string solution in R×S2.
Writing S2 ⊂ C2, the solution is:

w =

(
eit [

cos p
2 + i sin p

2 tanh u
]

sin p
2 sech u

)
=

(
eiφmag(x ,t) sin θmag(x , t)
cos θmag(x , t)

)
(4)

where u = γ(x − vt). The only parameter is the worldsheet velocity v = cos(p/2). There are two
ways to embed this solution into CP3:

• The first class of giant magnons in CP3 is obtained by placing this solution into the sub-
space CP1 = S2 defined by z2 = z3 = 0, or ξ = π

2 . [4] With our conventions this is a
sphere is of radius 1

2 , and so to maintain timelike conformal gauge the solution should
have angles on this sphere of ϑ2 = θmag(2x , 2t) and ϕ2 = φmag(2x , 2t). In terms of z the
solution is then

z(x , t) =





e i
2 φmag(2x ,2t) sin

( 1
2θmag(2x , 2t)

)

0
0

e− i
2 φmag(2x ,2t) cos

( 1
2θmag(2x , 2t)

)




. (5)

These magnons have dispersion relation

E(p) = ∆− J
2

=
√

2λ sin
(p

2

)
.

• The second class of giant magnons live in RP2, [4] and can be written ξ = θmag(x , t),

4

C4 z ∼ reiφz
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√
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[Nishioka & Takayanagi, 2008]
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[MCA & Aniceto, 2008]



4. σ-model 
Magnons



In fact there are two ways to embed the basic HM magnon:

1. Into CP 1:

diagonal T a. The charges we will need for the giant magnons are

J = J(z1)− J(z4) = J [diag(1, 0, 0,−1)]

Q = J(z2)− J(z3) = J [diag(0, 1,−1, 0)] (1)

J3 = J
[
diag(− 1

2 , 1
2 , 1

2 ,− 1
2 )

]

Instead of using four complex numbers as co-ordinates for CP3, we can use six real angles.
One set of these is defined by

z =





sin ξ cos(ϑ2/2) e−iη/2 eiϕ2/2

cos ξ cos(ϑ1/2) eiη/2 eiϕ1/2

cos ξ sin(ϑ1/2) eiη/2 e−iϕ1/2

sin ξ sin(ϑ2/2) e−iη/2 e−iϕ2/2




(2)

and in terms of these angles, the metric is:

ds2
CP3 = dξ2 +

1
4

sin2 2ξ

(
dη +

1
2

cos ϑ1 dϕ1 −
1
2

cos ϑ2 dϕ2

)2

+
1
4

cos2 ξ
(

dϑ2
1 + sin2 ϑ1 dϕ2

1

)
+

1
4

sin2 ξ
(

dϑ2
2 + sin2 ϑ2 dϕ2

2

)
. (3)

The charges of interest can be written using these angles: writing Jϕ2 = 2
√

2λ
´

dx ∂L
∂ ∂t ϕ2

etc.,
we have J = 2Jϕ2 , Q = 2Jϕ1 and J3 = Jη.

2.1 Recycled giant magnons in CP3

The Hoffman–Maldacena giant magnon [3] is a rigidly rotating classical string solution in R×S2.
Writing S2 ⊂ C2, the solution is:

w =

(
eit [

cos p
2 + i sin p

2 tanh u
]

sin p
2 sech u

)
=

(
eiφmag(x ,t) sin θmag(x , t)
cos θmag(x , t)

)
(4)

where u = γ(x − vt). The only parameter is the worldsheet velocity v = cos(p/2). There are two
ways to embed this solution into CP3:

• The first class of giant magnons in CP3 is obtained by placing this solution into the sub-
space CP1 = S2 defined by z2 = z3 = 0, or ξ = π

2 . [4] With our conventions this is a
sphere is of radius 1

2 , and so to maintain timelike conformal gauge the solution should
have angles on this sphere of ϑ2 = θmag(2x , 2t) and ϕ2 = φmag(2x , 2t). In terms of z the
solution is then

z(x , t) =





e i
2 φmag(2x ,2t) sin

( 1
2θmag(2x , 2t)

)

0
0

e− i
2 φmag(2x ,2t) cos

( 1
2θmag(2x , 2t)

)




. (5)

These magnons have dispersion relation

E(p) = ∆− J
2

=
√

2λ sin
(p

2

)
.

• The second class of giant magnons live in RP2, [4] and can be written ξ = θmag(x , t),

4

ϕ2 = 2φmag(x , t), ϑ1 = ϑ2 = π
2 , or [5]

z(x , t) =
1√
2





eiφmag(x ,t) sin θmag(x , t)
cos θmag(x , t)
cos θmag(x , t)

e−iφmag(x ,t) sin θmag(x , t)




=

1√
2





w1

w2

w̄2

w̄1




. (6)

The dispersion relation for this class of magnons is

E = ∆− J
2

= 2
√

2λ sin
(

p′

2

)

where we call the velocity v = cos(p′/2) in this case because it turns out that the momenta
are related p = 2p′.

The dyonic generalisation of the RP2 magnon is an embedding of Dorey’s original S3 dyonic
magnon, and carries a second momentum Q #= 0. Parameterising the S3 by w ∈ C2, the
embedding needed is exactly the formula (6) above. The resulting solution lives in RP3 and
has dispersion relation

E = ∆− J
2

=

√
Q2

4
+ 8λ sin

(
p′

2

)
.

The third angular momentum J3 is still zero.
All giant magnons are pieces of a closed string, and for the CP1 magnon, like the original

S2 solution, the condition that a set of such pieces close is
∑

i pi = 0 mod 2π, since p is the
opening angle along the equator. For the RP2 magnon, however, the p′ = π magnon is also a
closed string, thanks to the Z2 identification in this space, and thus

∑
i p′i = 0 mod π instead.

For more detailed discussion of these subspaces, and of others such as S2 × S2, see [25].

2.2 Finite-size corrections

For the two embeddings of S2 giant magnons discussed above, we can obtain finite-J correc-
tions by simply embedding the S2 results [16, 18] into CP3. The explicit calculation of these
corrections was done by [26] for the RP2 case:

∆− J
2

= 2
√

2λ sin
(p

2

) [
1− 4 sin2

(
p′

2

)
e−2∆

/
2
√

2λ sin( p′
2 ) + ...

]
(7)

and by [27] for the CP1 case:

∆− J
2

=
√

2λ sin
(p

2

) [
1− 4 sin2

(p
2

)
e−2∆

/√
2λ sin( p

2 ) + ...
]

. (8)

For the RP3 dyonic giant magnon, we can similarly embed the results from S3. These were
originally computed by [19] (from the all-J solutions of [17]) and were studied in CP3 by [8,28].
The result is

∆− J
2

=

√
Q2

4
+ 8λ sin2

(
p′

2

)
− 32λ cos(2φ)

1
E sin4

(
p′

2

)
e−∆E

/
2S (9)
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diagonal T a. The charges we will need for the giant magnons are

J = J(z1)− J(z4) = J [diag(1, 0, 0,−1)]

Q = J(z2)− J(z3) = J [diag(0, 1,−1, 0)] (1)

J3 = J
[
diag(− 1

2 , 1
2 , 1

2 ,− 1
2 )

]

Instead of using four complex numbers as co-ordinates for CP3, we can use six real angles.
One set of these is defined by

z =





sin ξ cos(ϑ2/2) e−iη/2 eiϕ2/2

cos ξ cos(ϑ1/2) eiη/2 eiϕ1/2

cos ξ sin(ϑ1/2) eiη/2 e−iϕ1/2

sin ξ sin(ϑ2/2) e−iη/2 e−iϕ2/2




(2)

and in terms of these angles, the metric is:

ds2
CP3 = dξ2 +

1
4

sin2 2ξ

(
dη +

1
2

cos ϑ1 dϕ1 −
1
2

cos ϑ2 dϕ2

)2

+
1
4

cos2 ξ
(

dϑ2
1 + sin2 ϑ1 dϕ2

1

)
+

1
4

sin2 ξ
(

dϑ2
2 + sin2 ϑ2 dϕ2

2

)
. (3)

The charges of interest can be written using these angles: writing Jϕ2 = 2
√

2λ
´

dx ∂L
∂ ∂t ϕ2

etc.,
we have J = 2Jϕ2 , Q = 2Jϕ1 and J3 = Jη.

2.1 Recycled giant magnons in CP3

The Hoffman–Maldacena giant magnon [3] is a rigidly rotating classical string solution in R×S2.
Writing S2 ⊂ C2, the solution is:

w =

(
eit [

cos p
2 + i sin p

2 tanh u
]

sin p
2 sech u

)
=

(
eiφmag(x ,t) sin θmag(x , t)
cos θmag(x , t)

)
(4)

where u = γ(x − vt). The only parameter is the worldsheet velocity v = cos(p/2). There are two
ways to embed this solution into CP3:

• The first class of giant magnons in CP3 is obtained by placing this solution into the sub-
space CP1 = S2 defined by z2 = z3 = 0, or ξ = π

2 . [4] With our conventions this is a
sphere is of radius 1

2 , and so to maintain timelike conformal gauge the solution should
have angles on this sphere of ϑ2 = θmag(2x , 2t) and ϕ2 = φmag(2x , 2t). In terms of z the
solution is then

z(x , t) =





e i
2 φmag(2x ,2t) sin

( 1
2θmag(2x , 2t)

)

0
0

e− i
2 φmag(2x ,2t) cos

( 1
2θmag(2x , 2t)

)




. (5)

These magnons have dispersion relation

E(p) = ∆− J
2

=
√

2λ sin
(p

2

)
.

• The second class of giant magnons live in RP2, [4] and can be written ξ = θmag(x , t),

4

ϕ2 = 2φmag(x , t), ϑ1 = ϑ2 = π
2 , or [5]

z(x , t) =
1√
2





eiφmag(x ,t) sin θmag(x , t)
cos θmag(x , t)
cos θmag(x , t)

e−iφmag(x ,t) sin θmag(x , t)




=

1√
2





w1

w2

w̄2

w̄1




. (6)

The dispersion relation for this class of magnons is

E = ∆− J
2

= 2
√

2λ sin
(

p′

2

)

where we call the velocity v = cos(p′/2) in this case because it turns out that the momenta
are related p = 2p′.

The dyonic generalisation of the RP2 magnon is an embedding of Dorey’s original S3 dyonic
magnon, and carries a second momentum Q #= 0. Parameterising the S3 by w ∈ C2, the
embedding needed is exactly the formula (6) above. The resulting solution lives in RP3 and
has dispersion relation

E = ∆− J
2

=

√
Q2

4
+ 8λ sin

(
p′

2

)
.

The third angular momentum J3 is still zero.
All giant magnons are pieces of a closed string, and for the CP1 magnon, like the original

S2 solution, the condition that a set of such pieces close is
∑

i pi = 0 mod 2π, since p is the
opening angle along the equator. For the RP2 magnon, however, the p′ = π magnon is also a
closed string, thanks to the Z2 identification in this space, and thus

∑
i p′i = 0 mod π instead.

For more detailed discussion of these subspaces, and of others such as S2 × S2, see [25].

2.2 Finite-size corrections

For the two embeddings of S2 giant magnons discussed above, we can obtain finite-J correc-
tions by simply embedding the S2 results [16, 18] into CP3. The explicit calculation of these
corrections was done by [26] for the RP2 case:

∆− J
2

= 2
√

2λ sin
(p

2

) [
1− 4 sin2

(
p′

2

)
e−2∆

/
2
√

2λ sin( p′
2 ) + ...

]
(7)

and by [27] for the CP1 case:

∆− J
2

=
√

2λ sin
(p

2

) [
1− 4 sin2

(p
2

)
e−2∆

/√
2λ sin( p

2 ) + ...
]

. (8)

For the RP3 dyonic giant magnon, we can similarly embed the results from S3. These were
originally computed by [19] (from the all-J solutions of [17]) and were studied in CP3 by [8,28].
The result is

∆− J
2

=

√
Q2

4
+ 8λ sin2

(
p′

2

)
− 32λ cos(2φ)

1
E sin4

(
p′

2

)
e−∆E

/
2S (9)
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2. Into RP 2:

(to scale)
∑

i

pi = 0 mod 2π

∑

i

p′
i = 0 mod π

[Gaiotto, Giombi,Yin]



In fact there are two ways to embed the basic HM magnon:

1. Into CP 1:

diagonal T a. The charges we will need for the giant magnons are

J = J(z1)− J(z4) = J [diag(1, 0, 0,−1)]

Q = J(z2)− J(z3) = J [diag(0, 1,−1, 0)] (1)

J3 = J
[
diag(− 1

2 , 1
2 , 1

2 ,− 1
2 )

]

Instead of using four complex numbers as co-ordinates for CP3, we can use six real angles.
One set of these is defined by

z =





sin ξ cos(ϑ2/2) e−iη/2 eiϕ2/2

cos ξ cos(ϑ1/2) eiη/2 eiϕ1/2

cos ξ sin(ϑ1/2) eiη/2 e−iϕ1/2

sin ξ sin(ϑ2/2) e−iη/2 e−iϕ2/2




(2)

and in terms of these angles, the metric is:

ds2
CP3 = dξ2 +

1
4

sin2 2ξ

(
dη +

1
2

cos ϑ1 dϕ1 −
1
2

cos ϑ2 dϕ2

)2

+
1
4

cos2 ξ
(

dϑ2
1 + sin2 ϑ1 dϕ2

1

)
+

1
4

sin2 ξ
(

dϑ2
2 + sin2 ϑ2 dϕ2

2

)
. (3)

The charges of interest can be written using these angles: writing Jϕ2 = 2
√

2λ
´

dx ∂L
∂ ∂t ϕ2

etc.,
we have J = 2Jϕ2 , Q = 2Jϕ1 and J3 = Jη.

2.1 Recycled giant magnons in CP3

The Hoffman–Maldacena giant magnon [3] is a rigidly rotating classical string solution in R×S2.
Writing S2 ⊂ C2, the solution is:

w =

(
eit [

cos p
2 + i sin p

2 tanh u
]

sin p
2 sech u

)
=

(
eiφmag(x ,t) sin θmag(x , t)
cos θmag(x , t)

)
(4)

where u = γ(x − vt). The only parameter is the worldsheet velocity v = cos(p/2). There are two
ways to embed this solution into CP3:

• The first class of giant magnons in CP3 is obtained by placing this solution into the sub-
space CP1 = S2 defined by z2 = z3 = 0, or ξ = π

2 . [4] With our conventions this is a
sphere is of radius 1

2 , and so to maintain timelike conformal gauge the solution should
have angles on this sphere of ϑ2 = θmag(2x , 2t) and ϕ2 = φmag(2x , 2t). In terms of z the
solution is then

z(x , t) =





e i
2 φmag(2x ,2t) sin

( 1
2θmag(2x , 2t)

)

0
0

e− i
2 φmag(2x ,2t) cos

( 1
2θmag(2x , 2t)

)




. (5)

These magnons have dispersion relation

E(p) = ∆− J
2

=
√

2λ sin
(p

2

)
.

• The second class of giant magnons live in RP2, [4] and can be written ξ = θmag(x , t),

4

ϕ2 = 2φmag(x , t), ϑ1 = ϑ2 = π
2 , or [5]

z(x , t) =
1√
2





eiφmag(x ,t) sin θmag(x , t)
cos θmag(x , t)
cos θmag(x , t)

e−iφmag(x ,t) sin θmag(x , t)




=

1√
2





w1

w2

w̄2

w̄1




. (6)

The dispersion relation for this class of magnons is

E = ∆− J
2

= 2
√

2λ sin
(

p′

2

)

where we call the velocity v = cos(p′/2) in this case because it turns out that the momenta
are related p = 2p′.

The dyonic generalisation of the RP2 magnon is an embedding of Dorey’s original S3 dyonic
magnon, and carries a second momentum Q #= 0. Parameterising the S3 by w ∈ C2, the
embedding needed is exactly the formula (6) above. The resulting solution lives in RP3 and
has dispersion relation

E = ∆− J
2

=

√
Q2

4
+ 8λ sin

(
p′

2

)
.

The third angular momentum J3 is still zero.
All giant magnons are pieces of a closed string, and for the CP1 magnon, like the original

S2 solution, the condition that a set of such pieces close is
∑

i pi = 0 mod 2π, since p is the
opening angle along the equator. For the RP2 magnon, however, the p′ = π magnon is also a
closed string, thanks to the Z2 identification in this space, and thus

∑
i p′i = 0 mod π instead.

For more detailed discussion of these subspaces, and of others such as S2 × S2, see [25].

2.2 Finite-size corrections

For the two embeddings of S2 giant magnons discussed above, we can obtain finite-J correc-
tions by simply embedding the S2 results [16, 18] into CP3. The explicit calculation of these
corrections was done by [26] for the RP2 case:

∆− J
2

= 2
√

2λ sin
(p

2

) [
1− 4 sin2

(
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2

)
e−2∆

/
2
√

2λ sin( p′
2 ) + ...

]
(7)

and by [27] for the CP1 case:

∆− J
2

=
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2

) [
1− 4 sin2

(p
2

)
e−2∆

/√
2λ sin( p

2 ) + ...
]

. (8)

For the RP3 dyonic giant magnon, we can similarly embed the results from S3. These were
originally computed by [19] (from the all-J solutions of [17]) and were studied in CP3 by [8,28].
The result is

∆− J
2

=
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4
+ 8λ sin2

(
p′

2

)
− 32λ cos(2φ)

1
E sin4
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ϕ2 = 2φmag(x , t), ϑ1 = ϑ2 = π
2 , or [5]

z(x , t) =
1√
2





eiφmag(x ,t) sin θmag(x , t)
cos θmag(x , t)
cos θmag(x , t)

e−iφmag(x ,t) sin θmag(x , t)




=

1√
2





w1

w2

w̄2

w̄1




. (6)

The dispersion relation for this class of magnons is

E = ∆− J
2

= 2
√

2λ sin
(

p′

2

)

where we call the velocity v = cos(p′/2) in this case because it turns out that the momenta
are related p = 2p′.

The dyonic generalisation of the RP2 magnon is an embedding of Dorey’s original S3 dyonic
magnon, and carries a second momentum Q #= 0. Parameterising the S3 by w ∈ C2, the
embedding needed is exactly the formula (6) above. The resulting solution lives in RP3 and
has dispersion relation
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.

The third angular momentum J3 is still zero.
All giant magnons are pieces of a closed string, and for the CP1 magnon, like the original

S2 solution, the condition that a set of such pieces close is
∑

i pi = 0 mod 2π, since p is the
opening angle along the equator. For the RP2 magnon, however, the p′ = π magnon is also a
closed string, thanks to the Z2 identification in this space, and thus

∑
i p′i = 0 mod π instead.

For more detailed discussion of these subspaces, and of others such as S2 × S2, see [25].

2.2 Finite-size corrections

For the two embeddings of S2 giant magnons discussed above, we can obtain finite-J correc-
tions by simply embedding the S2 results [16, 18] into CP3. The explicit calculation of these
corrections was done by [26] for the RP2 case:
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For the RP3 dyonic giant magnon, we can similarly embed the results from S3. These were
originally computed by [19] (from the all-J solutions of [17]) and were studied in CP3 by [8,28].
The result is
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diagonal T a. The charges we will need for the giant magnons are
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cos ϑ1 dϕ1 −
1
2

cos ϑ2 dϕ2

)2

+
1
4

cos2 ξ
(

dϑ2
1 + sin2 ϑ1 dϕ2

1

)
+

1
4

sin2 ξ
(

dϑ2
2 + sin2 ϑ2 dϕ2

2

)
. (3)

The charges of interest can be written using these angles: writing Jϕ2 = 2
√

2λ
´

dx ∂L
∂ ∂t ϕ2

etc.,
we have J = 2Jϕ2 , Q = 2Jϕ1 and J3 = Jη.

2.1 Recycled giant magnons in CP3

The Hoffman–Maldacena giant magnon [3] is a rigidly rotating classical string solution in R×S2.
Writing S2 ⊂ C2, the solution is:

w =

(
eit [

cos p
2 + i sin p

2 tanh u
]

sin p
2 sech u

)
=

(
eiφmag(x ,t) sin θmag(x , t)
cos θmag(x , t)

)
(4)

where u = γ(x − vt). The only parameter is the worldsheet velocity v = cos(p/2). There are two
ways to embed this solution into CP3:

• The first class of giant magnons in CP3 is obtained by placing this solution into the sub-
space CP1 = S2 defined by z2 = z3 = 0, or ξ = π

2 . [4] With our conventions this is a
sphere is of radius 1

2 , and so to maintain timelike conformal gauge the solution should
have angles on this sphere of ϑ2 = θmag(2x , 2t) and ϕ2 = φmag(2x , 2t). In terms of z the
solution is then

z(x , t) =





e i
2 φmag(2x ,2t) sin

( 1
2θmag(2x , 2t)

)

0
0

e− i
2 φmag(2x ,2t) cos

( 1
2θmag(2x , 2t)

)




. (5)

These magnons have dispersion relation

E(p) = ∆− J
2

=
√

2λ sin
(p

2

)
.

• The second class of giant magnons live in RP2, [4] and can be written ξ = θmag(x , t),

4

ϕ2 = 2φmag(x , t), ϑ1 = ϑ2 = π
2 , or [5]

z(x , t) =
1√
2





eiφmag(x ,t) sin θmag(x , t)
cos θmag(x , t)
cos θmag(x , t)

e−iφmag(x ,t) sin θmag(x , t)




=

1√
2





w1

w2

w̄2

w̄1




. (6)

The dispersion relation for this class of magnons is

E = ∆− J
2

= 2
√

2λ sin
(

p′

2

)

where we call the velocity v = cos(p′/2) in this case because it turns out that the momenta
are related p = 2p′.

The dyonic generalisation of the RP2 magnon is an embedding of Dorey’s original S3 dyonic
magnon, and carries a second momentum Q #= 0. Parameterising the S3 by w ∈ C2, the
embedding needed is exactly the formula (6) above. The resulting solution lives in RP3 and
has dispersion relation

E = ∆− J
2

=

√
Q2

4
+ 8λ sin

(
p′

2

)
.

The third angular momentum J3 is still zero.
All giant magnons are pieces of a closed string, and for the CP1 magnon, like the original

S2 solution, the condition that a set of such pieces close is
∑

i pi = 0 mod 2π, since p is the
opening angle along the equator. For the RP2 magnon, however, the p′ = π magnon is also a
closed string, thanks to the Z2 identification in this space, and thus

∑
i p′i = 0 mod π instead.

For more detailed discussion of these subspaces, and of others such as S2 × S2, see [25].

2.2 Finite-size corrections

For the two embeddings of S2 giant magnons discussed above, we can obtain finite-J correc-
tions by simply embedding the S2 results [16, 18] into CP3. The explicit calculation of these
corrections was done by [26] for the RP2 case:

∆− J
2

= 2
√

2λ sin
(p

2

) [
1− 4 sin2

(
p′

2

)
e−2∆

/
2
√

2λ sin( p′
2 ) + ...

]
(7)

and by [27] for the CP1 case:

∆− J
2

=
√

2λ sin
(p

2

) [
1− 4 sin2

(p
2

)
e−2∆

/√
2λ sin( p

2 ) + ...
]

. (8)

For the RP3 dyonic giant magnon, we can similarly embed the results from S3. These were
originally computed by [19] (from the all-J solutions of [17]) and were studied in CP3 by [8,28].
The result is

∆− J
2

=

√
Q2

4
+ 8λ sin2

(
p′

2

)
− 32λ cos(2φ)

1
E sin4

(
p′

2

)
e−∆E

/
2S (9)

5

2. Into RP 2:
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Can similarly embed finite-J magnons:

First, AFZ form for two S 2-like subspaces:

CP 1: 

RP 2: 

Second, embed the S 3 result of [Hatsuda & Suzuki, 2008] 
into RP 3:

where

The factor               describes a choice of relative orientation. 

Type (i): δE < 0
Type (ii): δE > 0

Type (ii): 2φ = π, δE > 0Type (i): 2φ = 0, δE < 0

Figure 8.1: The two classes of finite-J magnons found by OKAMURA AND
SUZUKI [216].

8.1.3 Mapping these into CP3

The finite-J generalisations of the basic giant magnon are still solutions moving

on S2, and so one can place them into CP3 using either of the maps presented

in sections 7.5.1 and 7.5.2 above.

The integrals defining the charges are now over a finite length −L < x < L,

so write J(L) and ∆(L). Note that ∆(2L) = 2∆(L). To get the charges for one

magnon, we must integrate from one cusp to the next: choose L such that

θmag(x = ±L, t = 0) are at the first cusps. For the RP2 case, the relationship we

used before Jsphere(L) = J1(L) = (J1(L)− J4(L)) /2 still holds, giving:

∆− J1 − J4

2
= 2
√

2λ sin
(p

2

) [
1− 4 sin2

(p
2

)
e−2∆

/
2
√

2λ sin( p
2 ) + ...

]
. (8.1)

We wrote the S2 result above using the prefactor appropriate for AdS5×S5, so

to get this result for the AdS4×CP3 theory have replaced
√

λ/π → 2
√

2λ. This

was also re-derived from scratch by GRIGNANI ET AL. [245].

For the CP1 case, the cusp at θmag(L, 0) is at ZCP1 ( L
2 , 0), thanks to the scaling
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(7.23). The relationship between charges is that

J1( L
2 )− J4( L

2 )
2

=
1
2

Jsphere(L).

Thus ∆( L
2 ) − (J1( L

2 ) − J4( L
2 ))/2 = ∆( L

2 ) − 1
2 Jsphere(L) = 1

2

(
∆(L)− Jsphere(L)

)
. In

the result (8.2), it is the energy for one magnon ∆( L
2 ) which appears both on

the left hand side and in the exponent.
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1− 4 sin2
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/√
2λ sin( p

2 ) + ...
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This result was re-derived by LEE ET AL. [215].

We observe that, even at finite J, two CP1 magnons have the same disper-

sion relation as one RP2 magnon, provided all three have the same value of

the parameter p. Note that that essentially all the properties of the two CP1

magnons add up to give those of the single RP2 magnon: energy ∆, angu-

lar momentum (J1 − J4)/2, worldsheet length L and opening angle along the

equator.

Finally, for the RP3 dyonic magnon, we can similarly embed the S3 result,

to obtain:
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Q2
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+ 8λ sin2

(
p′

2

)
− 32λ cos(2φ)

1
E sin4

(
p′

2

)
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/
2S (8.3)

where we define2

S =
Q2

16 sin2( p′

2 )
+ 2λ sin2

(
p′

2

)
. (8.4)

2Note that S( p′

2 )→ 1
4E

2 as Q → 0. When comparing to HATSUDA AND SUZUKI [217], note that

cosh(θ/2) = E
‹

2
√

2λ sin( p′

2 ). In terms of our later notation, this θ is defined r = eθ/2.
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Dyonic CP2 solution

is the metric for this subspace, CP 2:

Start with CP 1 magnon in               space, with          .
Give it extra momentum along     ,
and deform      as for Dorey’s solution:

Then solve for e(x)...

E = ∆− J
2 δE (finite J) Q J3

Vacuum 0

CP1 giant magnon
√

2λ sin( p
2 ) −4E sin2( p

2 )e−2∆/E 0 0

Dyonic version in CP2
q

Q2

4 + 2λ when p = π (Use ‘small’ curve, (26)) Q ±Q

RP2 giant magnon 2
√

2λ sin( p′

2 ) −4E sin2( p′

2 )e−2∆/E 0 0

Dyonic version in RP3
q

Q2

4 + 8λ sin2( p′

2 ) Like S5 result, (9) Q 0

HM/KSV/S dressed solution
q

Q2
f + 8λ sin2( p′
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Dressed Solution

Found by [Hollowood & Miramontes] + [Kalousios, Spradlin, Volovich] + [Suzuki] 
using the dressing method. The case p = π looks like this:

This has only one angular momentum:

In the limit r → 1, it becomes the RP 2 solution.

(This also lives in CP 2, so just call it ‘dressed’.)

the dispersion relation becomes

∆− J
2

=

√

Q2
f + 8λ sin2

(
p′

2

)
.

We have chosen the factor in front of Qf to make this line up with the dispersion

relation for the big giant magnon in the algebraic curve (after setting p = 2p′).

Like this solution, the big giant magnon is a two-parameter single-momentum

solution. We discuss it in section 8.3 below.

In the basis used by HOLLOWOOD AND MIRAMONTES [200], KALOUSIOS

ET AL. [201],14 and writing only the GKP15 case p′ = π, the solution is:16

z′ = N





(1 + r2) cos(t) + cos
(

1−3r2

1+r2 t
)

+ r2 cos
(

3−r2

1+r2 t
)

+ i(1− r2) sin(t) sinh
( 4r

1+r2 x
)

−(1 + r2) sin(t) + sin
(

1−3r2

1+r2 t
)
− r2 sin

(
3−r2

1+r2 t
)
− i(1− r2) cos(t) sinh

( 4r
1+r2 x

)

2(1− r2)
[
sin

(
1−r2

1+r2 t
)

sinh
( 2r

1+r2 x
)
− i cos

(
1−r2

1+r2 t
)

cosh
( 2r

1+r2 x
)]

0





where N is a normalisation factor ensuring |z|2 = 1. The vacuum used to derive

this solution is z′vac = (cos(t), sin(t), 0, 0), which carries large charge under J ′ =

J[σ2 ⊕ 1]. The value of this J ′ is altered by the presence of this magnon, but

all other J[T a] charges vanish. Rotating the space to bring this vacuum z′vac to

match our zvac = 1√
2

(
eit , 0, 0, e−it) will also rotate the charge J ′ into J, as used

for the other magnons.

In the limit r → 1, or Qf → 0, the dispersion relation becomes that of the

RP2 giant magnon. And the solution (in this basis) becomes the embedding of

the ordinary magnon (7.19) given by z′ = (Re w1, Im w1, Re w2, 0) ∈ R4.
14The paper SUZUKI [202] obtains this solution in the same basis as we use.
15See footnote 17 about this name.
16Like the RP2 and RP3 magnons, this forms a closed string at p′ = π.
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embedded by

z =
(

eiϕ/2 cos
ϑ

2
, 0, 0, e−iϕ/2 sin

ϑ

2

)
.

This is precisely the same subspace CP1 as in (7.22), although we obtained it

there by fixing α = 0 in the other set of angles (7.6). Fixing ξ to some other

value will simply rotate the 1-2 and 3-4 planes, but in all cases the space is S2 =

CP1. Like the subspace RP2 discussed in section 7.5.2, this one is sometimes

referred to as S2 × S2 in the literature.

These co-ordinates were used by LEE ET AL. [215] to study finite-J effects

on the CP1 giant magnon. We give their results in (8.2) below.

7.7 Dressing method solution

There is also another kind of giant magnon, which does not exist in S5, recently

constructed by several groups using the dressing method. HOLLOWOOD AND

MIRAMONTES [200], KALOUSIOS ET AL. [201], SUZUKI [202]

The recently constructed CP3 solution uses the map to an SU(4)/U(3)

model. The position of the dressing pole λ1 = reip′/2 again provides two param-

eters, but unlike the S3 case, there is only one nonzero angular momentum

J = 2∆− 4
√

2λ
1 + r2

2r
sin

(
p′

2

)
.

(As in RP2, we will call this momentum p′.) It is convenient however to use,

instead of r , a new parameter defined Qf = 2
√

2λ 1−r2

2r sin( p′

2 ). In terms of this,
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5.   Algebraic 
Curves



Getting there

Define two currents (left=right, vector representation):

which are the blocks of                         .

The Virasoro Constraints and equations of motion can now be written

Define the Lax connection

and using this, the monodromy matrix                             .

The choice of path here determines the basis Ω is in, but its eigenvalues 
are invariant:                                 and                              .         
We’ll use

with J3 = Q. There is a second CP2 solution, in the subspace with z2 = 0 instead of z3 = 0,
which has J3 = −Q but is otherwise similar. In the limit ω → 0 both kinds become the same
CP1 solution. All of these properties match those of the two kinds of small giant magnons in
the algebraic curve perfectly.

We summarise all the properties of the various string solutions in table 1.

4 The algebraic curve for AdS4 × CP3

The string equations of motion can also be studied using the formalism of algebraic curves. This
has been a fruitful approach in AdS5×S5 [34–39]. The AdS4×CP3 case at hand was originally
studied by Gromov and Vieira [9]. We start this section by a brief review of the construction of
the algebraic curve and its most important properties.

4.1 From target space to quasi-momenta

Begin by defining the connection j = jAdS ⊕ jCP , where [40,41]

(jAdS)ij ,µ = 2
(
yi∂µyj − (∂µyi )yj

)

(jCP)ij ,µ = 2
(
ziDµzj − (Dµzi )zj

)

By construction, the connection j is flat

dj + j ∧ j = 0 .

The sigma-model action can be written in terms of j as

S = −g
8

ˆ

dσ dτ STr j2 ,

leading to the equations of motion
d ∗ j = 0 . (14)

The Lax connection is now given by

J(x) =
1

1− x2 j +
x

1− x2 ∗ j

where the new complex variable x is the spectral parameter.11 J(x) is a flat connection, for any
x , provided j is flat and satisfies (14).

Using J(x) we define the monodromy matrix

Ω(x) = P e
´

dσJσ(x) .

Since the connection is flat, the eigenvalues of Ω are independent of τ . We write these eigen-
values as eip̃1 , eip̃2 , eip̃3 , eip̃4 for the CP3 part, and eip̂1 , eip̂2 , eip̂3 , eip̂4 for the AdS part, and refer
to the functions p̃i and p̂i as ‘quasi-momenta’. The continuity in the complex plane of the func-
tion eig( (x)) demands that when a branch cut Cij connects sheets i and j , we must have
p+

i − p−j = 2πn when x ∈ Cij .

11In this section we use x to be the spectral parameter, and σ, τ to be the worldsheet co-ordinates which we called
x , t before.
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At large x the monodromy matrix is

Ω(x) = 1 +
1
x

ˆ

dσjτ + ...

and thus the asymptotic behaviour of the quasi-momenta contains information about the charges.
(The exact relation is (15) below.)

The quasi-momenta p̃i and p̂i describe the bosonic sector of type IIA string theory on AdS4×
CP3. While this is all we will need in this paper, it will be convenient to work in a formalism with
explicit OSp(2, 2|6) symmetry. To do this we define ten new quasi-momenta qi as [9]

{q1, q2, q3, q4, q5} =
1
2
{p̂1 + p̂2, p̂1 − p̂2, p̃1 + p̃2,−p̃2 − p̃4, p̃1 + p̃4}

and
{q6, q7, q8, q9, q10} = {−q5,−q4,−q3,−q2,−q1} .

The functions qi now define a ten-sheeted Riemann surface.

4.2 Relations and charges

The ten quasi-momenta qi . must obey the following relations: [9]

1. Only five are independent: {q6, q7, q8, q9, q10} = {−q5,−q4,−q3,−q2,−q1}.

2. Square-root branch cut condition: q+
i (x)− q−j (x) = 2πnij , x ∈ Cij .

3. Synchronised poles: the residues at x = ±1 are the same α±/2 for q1, q2, q3, q4, while q5

does not have a pole there.

4. Inversion symmetry: q1( 1
x ) = −q2(x), q3( 1

x ) = 2πm − q4(x) and q5( 1
x ) = q5(x). This m ∈ Z

gives the momentum: p = 2πm.

5. Asymptotic behaviour as x →∞:





q1

q2

q3

q4

q5




=

1
2gx





∆ + S
∆− S
L−Mr

L + Mr −Mu −Mv

Mv −Mu




+ o(

1
x2 ) =

1
2gx





∆ + S
∆− S

J1

J2

J3




+ ... (15)

where λ = 8g2 (i.e. 4g =
√

2λ).

The ansatz used by [12], for solutions mostly in CP3, is the following:

q1(x) =
αx

x2 − 1
q2(x) =

αx
x2 − 1

q3(x) =
αx

x2 − 1
+Gu(0)−Gu( 1

x ) +Gv (0)−Gv ( 1
x ) +Gr (x)−Gr (0) + Gr ( 1

x )

q4(x) =
αx

x2 − 1
+Gu(x) +Gv (x) −Gr (x) + Gr (0)−Gr ( 1

x )

q5(x) = Gu(x)−Gu(0) + Gu( 1
x ) −Gv (x) + Gv (0)−Gv ( 1

x )

(16)

From q1 and q2 we can read off S = 0 (zero AdS angular momentum) and α = ∆/2g.
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At large x the monodromy matrix is

Ω(x) = 1 +
1
x

ˆ

dσjτ + ...

and thus the asymptotic behaviour of the quasi-momenta contains information about the charges.
(The exact relation is (15) below.)

The quasi-momenta p̃i and p̂i describe the bosonic sector of type IIA string theory on AdS4×
CP3. While this is all we will need in this paper, it will be convenient to work in a formalism with
explicit OSp(2, 2|6) symmetry. To do this we define ten new quasi-momenta qi as [9]

{q1, q2, q3, q4, q5} =
1
2
{p̂1 + p̂2, p̂1 − p̂2, p̃1 + p̃2,−p̃2 − p̃4, p̃1 + p̃4}

and
{q6, q7, q8, q9, q10} = {−q5,−q4,−q3,−q2,−q1} .

The functions qi now define a ten-sheeted Riemann surface.

4.2 Relations and charges

The ten quasi-momenta qi . must obey the following relations: [9]

1. Only five are independent: {q6, q7, q8, q9, q10} = {−q5,−q4,−q3,−q2,−q1}.

2. Square-root branch cut condition: q+
i (x)− q−j (x) = 2πnij , x ∈ Cij .

3. Synchronised poles: the residues at x = ±1 are the same α±/2 for q1, q2, q3, q4, while q5

does not have a pole there.

4. Inversion symmetry: q1( 1
x ) = −q2(x), q3( 1

x ) = 2πm − q4(x) and q5( 1
x ) = q5(x). This m ∈ Z

gives the momentum: p = 2πm.

5. Asymptotic behaviour as x →∞:





q1

q2

q3

q4

q5




=

1
2gx





∆ + S
∆− S
L−Mr

L + Mr −Mu −Mv

Mv −Mu




+ o(

1
x2 ) =

1
2gx





∆ + S
∆− S

J1

J2

J3




+ ... (15)

where λ = 8g2 (i.e. 4g =
√

2λ).

The ansatz used by [12], for solutions mostly in CP3, is the following:

q1(x) =
αx

x2 − 1
q2(x) =

αx
x2 − 1

q3(x) =
αx

x2 − 1
+Gu(0)−Gu( 1

x ) +Gv (0)−Gv ( 1
x ) +Gr (x)−Gr (0) + Gr ( 1

x )

q4(x) =
αx

x2 − 1
+Gu(x) +Gv (x) −Gr (x) + Gr (0)−Gr ( 1

x )

q5(x) = Gu(x)−Gu(0) + Gu( 1
x ) −Gv (x) + Gv (0)−Gv ( 1

x )

(16)

From q1 and q2 we can read off S = 0 (zero AdS angular momentum) and α = ∆/2g.
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x2 − 1
q2(x) =

αx
x2 − 1

q3(x) =
αx

x2 − 1
+Gu(0)−Gu( 1

x ) +Gv (0)−Gv ( 1
x ) +Gr (x)−Gr (0) + Gr ( 1

x )

q4(x) =
αx

x2 − 1
+Gu(x) +Gv (x) −Gr (x) + Gr (0)−Gr ( 1

x )

q5(x) = Gu(x)−Gu(0) + Gu( 1
x ) −Gv (x) + Gv (0)−Gv ( 1

x )

(16)

From q1 and q2 we can read off S = 0 (zero AdS angular momentum) and α = ∆/2g.
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x = ±1 α/2

At large x the monodromy matrix is

Ω(x) = 1 +
1
x

ˆ

dσjτ + ...

and thus the asymptotic behaviour of the quasi-momenta contains information about the charges.
(The exact relation is (15) below.)

The quasi-momenta p̃i and p̂i describe the bosonic sector of type IIA string theory on AdS4×
CP3. While this is all we will need in this paper, it will be convenient to work in a formalism with
explicit OSp(2, 2|6) symmetry. To do this we define ten new quasi-momenta qi as [9]

{q1, q2, q3, q4, q5} =
1
2
{p̂1 + p̂2, p̂1 − p̂2, p̃1 + p̃2,−p̃2 − p̃4, p̃1 + p̃4}

and
{q6, q7, q8, q9, q10} = {−q5,−q4,−q3,−q2,−q1} .

The functions qi now define a ten-sheeted Riemann surface.

4.2 Relations and charges

The ten quasi-momenta qi . must obey the following relations: [9]

1. Only five are independent: {q6, q7, q8, q9, q10} = {−q5,−q4,−q3,−q2,−q1}.

2. Square-root branch cut condition: q+
i (x)− q−j (x) = 2πnij , x ∈ Cij .

3. Synchronised poles: the residues at x = ±1 are the same α±/2 for q1, q2, q3, q4, while q5

does not have a pole there.

4. Inversion symmetry: q1( 1
x ) = −q2(x), q3( 1

x ) = 2πm − q4(x) and q5( 1
x ) = q5(x). This m ∈ Z

gives the momentum: p = 2πm.

5. Asymptotic behaviour as x →∞:





q1

q2

q3

q4

q5




=

1
2gx





∆ + S
∆− S
L−Mr

L + Mr −Mu −Mv

Mv −Mu




+ o(

1
x2 ) =

1
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



∆ + S
∆− S

J1

J2

J3




+ ... (15)

where λ = 8g2 (i.e. 4g =
√

2λ).

The ansatz used by [12], for solutions mostly in CP3, is the following:

q1(x) =
αx

x2 − 1
q2(x) =

αx
x2 − 1

q3(x) =
αx

x2 − 1
+Gu(0)−Gu( 1

x ) +Gv (0)−Gv ( 1
x ) +Gr (x)−Gr (0) + Gr ( 1

x )

q4(x) =
αx

x2 − 1
+Gu(x) +Gv (x) −Gr (x) + Gr (0)−Gr ( 1

x )

q5(x) = Gu(x)−Gu(0) + Gu( 1
x ) −Gv (x) + Gv (0)−Gv ( 1

x )

(16)

From q1 and q2 we can read off S = 0 (zero AdS angular momentum) and α = ∆/2g.
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At large x the monodromy matrix is

Ω(x) = 1 +
1
x

ˆ

dσjτ + ...

and thus the asymptotic behaviour of the quasi-momenta contains information about the charges.
(The exact relation is (15) below.)

The quasi-momenta p̃i and p̂i describe the bosonic sector of type IIA string theory on AdS4×
CP3. While this is all we will need in this paper, it will be convenient to work in a formalism with
explicit OSp(2, 2|6) symmetry. To do this we define ten new quasi-momenta qi as [9]

{q1, q2, q3, q4, q5} =
1
2
{p̂1 + p̂2, p̂1 − p̂2, p̃1 + p̃2,−p̃2 − p̃4, p̃1 + p̃4}

and
{q6, q7, q8, q9, q10} = {−q5,−q4,−q3,−q2,−q1} .

The functions qi now define a ten-sheeted Riemann surface.

4.2 Relations and charges

The ten quasi-momenta qi . must obey the following relations: [9]

1. Only five are independent: {q6, q7, q8, q9, q10} = {−q5,−q4,−q3,−q2,−q1}.

2. Square-root branch cut condition: q+
i (x)− q−j (x) = 2πnij , x ∈ Cij .

3. Synchronised poles: the residues at x = ±1 are the same α±/2 for q1, q2, q3, q4, while q5

does not have a pole there.

4. Inversion symmetry: q1( 1
x ) = −q2(x), q3( 1

x ) = 2πm − q4(x) and q5( 1
x ) = q5(x). This m ∈ Z

gives the momentum: p = 2πm.

5. Asymptotic behaviour as x →∞:





q1

q2

q3

q4

q5




=

1
2gx





∆ + S
∆− S
L−Mr

L + Mr −Mu −Mv

Mv −Mu




+ o(

1
x2 ) =

1
2gx





∆ + S
∆− S

J1

J2

J3




+ ... (15)

where λ = 8g2 (i.e. 4g =
√

2λ).

The ansatz used by [12], for solutions mostly in CP3, is the following:

q1(x) =
αx

x2 − 1
q2(x) =

αx
x2 − 1

q3(x) =
αx

x2 − 1
+Gu(0)−Gu( 1

x ) +Gv (0)−Gv ( 1
x ) +Gr (x)−Gr (0) + Gr ( 1

x )

q4(x) =
αx

x2 − 1
+Gu(x) +Gv (x) −Gr (x) + Gr (0)−Gr ( 1

x )

q5(x) = Gu(x)−Gu(0) + Gu( 1
x ) −Gv (x) + Gv (0)−Gv ( 1

x )

(16)

From q1 and q2 we can read off S = 0 (zero AdS angular momentum) and α = ∆/2g.
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At large x the monodromy matrix is

Ω(x) = 1 +
1
x

ˆ

dσjτ + ...

and thus the asymptotic behaviour of the quasi-momenta contains information about the charges.
(The exact relation is (15) below.)

The quasi-momenta p̃i and p̂i describe the bosonic sector of type IIA string theory on AdS4×
CP3. While this is all we will need in this paper, it will be convenient to work in a formalism with
explicit OSp(2, 2|6) symmetry. To do this we define ten new quasi-momenta qi as [9]

{q1, q2, q3, q4, q5} =
1
2
{p̂1 + p̂2, p̂1 − p̂2, p̃1 + p̃2,−p̃2 − p̃4, p̃1 + p̃4}

and
{q6, q7, q8, q9, q10} = {−q5,−q4,−q3,−q2,−q1} .

The functions qi now define a ten-sheeted Riemann surface.

4.2 Relations and charges

The ten quasi-momenta qi . must obey the following relations: [9]

1. Only five are independent: {q6, q7, q8, q9, q10} = {−q5,−q4,−q3,−q2,−q1}.

2. Square-root branch cut condition: q+
i (x)− q−j (x) = 2πnij , x ∈ Cij .

3. Synchronised poles: the residues at x = ±1 are the same α±/2 for q1, q2, q3, q4, while q5

does not have a pole there.

4. Inversion symmetry: q1( 1
x ) = −q2(x), q3( 1

x ) = 2πm − q4(x) and q5( 1
x ) = q5(x). This m ∈ Z

gives the momentum: p = 2πm.

5. Asymptotic behaviour as x →∞:





q1

q2

q3

q4

q5




=

1
2gx





∆ + S
∆− S
L−Mr

L + Mr −Mu −Mv

Mv −Mu




+ o(

1
x2 ) =

1
2gx





∆ + S
∆− S

J1

J2

J3




+ ... (15)

where λ = 8g2 (i.e. 4g =
√

2λ).

The ansatz used by [12], for solutions mostly in CP3, is the following:

q1(x) =
αx

x2 − 1
q2(x) =

αx
x2 − 1

q3(x) =
αx

x2 − 1
+Gu(0)−Gu( 1

x ) +Gv (0)−Gv ( 1
x ) +Gr (x)−Gr (0) + Gr ( 1

x )

q4(x) =
αx

x2 − 1
+Gu(x) +Gv (x) −Gr (x) + Gr (0)−Gr ( 1

x )

q5(x) = Gu(x)−Gu(0) + Gu( 1
x ) −Gv (x) + Gv (0)−Gv ( 1

x )

(16)

From q1 and q2 we can read off S = 0 (zero AdS angular momentum) and α = ∆/2g.
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Here                is the momentum

AdS components

CP components

p = 2πm

}
}

At large x the monodromy matrix is

Ω(x) = 1 +
1
x

ˆ

dσjτ + ...

and thus the asymptotic behaviour of the quasi-momenta contains information about the charges.
(The exact relation is (15) below.)

The quasi-momenta p̃i and p̂i describe the bosonic sector of type IIA string theory on AdS4×
CP3. While this is all we will need in this paper, it will be convenient to work in a formalism with
explicit OSp(2, 2|6) symmetry. To do this we define ten new quasi-momenta qi as [9]

{q1, q2, q3, q4, q5} =
1
2
{p̂1 + p̂2, p̂1 − p̂2, p̃1 + p̃2,−p̃2 − p̃4, p̃1 + p̃4}

and
{q6, q7, q8, q9, q10} = {−q5,−q4,−q3,−q2,−q1} .

The functions qi now define a ten-sheeted Riemann surface.

4.2 Relations and charges

The ten quasi-momenta qi . must obey the following relations: [9]

1. Only five are independent: {q6, q7, q8, q9, q10} = {−q5,−q4,−q3,−q2,−q1}.

2. Square-root branch cut condition: q+
i (x)− q−j (x) = 2πnij , x ∈ Cij .

3. Synchronised poles: the residues at x = ±1 are the same α±/2 for q1, q2, q3, q4, while q5

does not have a pole there.

4. Inversion symmetry: q1( 1
x ) = −q2(x), q3( 1

x ) = 2πm − q4(x) and q5( 1
x ) = q5(x). This m ∈ Z

gives the momentum: p = 2πm.

5. Asymptotic behaviour as x →∞:





q1

q2

q3

q4

q5




=

1
2gx





∆ + S
∆− S
L−Mr

L + Mr −Mu −Mv

Mv −Mu




+ o(

1
x2 ) =

1
2gx





∆ + S
∆− S

J1

J2

J3




+ ... (15)

where λ = 8g2 (i.e. 4g =
√

2λ).

The ansatz used by [12], for solutions mostly in CP3, is the following:

q1(x) =
αx

x2 − 1
q2(x) =

αx
x2 − 1

q3(x) =
αx

x2 − 1
+Gu(0)−Gu( 1

x ) +Gv (0)−Gv ( 1
x ) +Gr (x)−Gr (0) + Gr ( 1

x )

q4(x) =
αx

x2 − 1
+Gu(x) +Gv (x) −Gr (x) + Gr (0)−Gr ( 1

x )

q5(x) = Gu(x)−Gu(0) + Gu( 1
x ) −Gv (x) + Gv (0)−Gv ( 1

x )

(16)

From q1 and q2 we can read off S = 0 (zero AdS angular momentum) and α = ∆/2g.
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(Here                  ) 

At large x the monodromy matrix is

Ω(x) = 1 +
1
x

ˆ

dσjτ + ...

and thus the asymptotic behaviour of the quasi-momenta contains information about the charges.
(The exact relation is (15) below.)

The quasi-momenta p̃i and p̂i describe the bosonic sector of type IIA string theory on AdS4×
CP3. While this is all we will need in this paper, it will be convenient to work in a formalism with
explicit OSp(2, 2|6) symmetry. To do this we define ten new quasi-momenta qi as [9]

{q1, q2, q3, q4, q5} =
1
2
{p̂1 + p̂2, p̂1 − p̂2, p̃1 + p̃2,−p̃2 − p̃4, p̃1 + p̃4}

and
{q6, q7, q8, q9, q10} = {−q5,−q4,−q3,−q2,−q1} .

The functions qi now define a ten-sheeted Riemann surface.

4.2 Relations and charges

The ten quasi-momenta qi . must obey the following relations: [9]

1. Only five are independent: {q6, q7, q8, q9, q10} = {−q5,−q4,−q3,−q2,−q1}.

2. Square-root branch cut condition: q+
i (x)− q−j (x) = 2πnij , x ∈ Cij .

3. Synchronised poles: the residues at x = ±1 are the same α±/2 for q1, q2, q3, q4, while q5

does not have a pole there.

4. Inversion symmetry: q1( 1
x ) = −q2(x), q3( 1

x ) = 2πm − q4(x) and q5( 1
x ) = q5(x). This m ∈ Z

gives the momentum: p = 2πm.

5. Asymptotic behaviour as x →∞:





q1

q2

q3

q4

q5




=

1
2gx





∆ + S
∆− S
L−Mr

L + Mr −Mu −Mv

Mv −Mu




+ o(

1
x2 ) =

1
2gx





∆ + S
∆− S

J1

J2

J3




+ ... (15)

where λ = 8g2 (i.e. 4g =
√

2λ).

The ansatz used by [12], for solutions mostly in CP3, is the following:

q1(x) =
αx

x2 − 1
q2(x) =

αx
x2 − 1

q3(x) =
αx

x2 − 1
+Gu(0)−Gu( 1

x ) +Gv (0)−Gv ( 1
x ) +Gr (x)−Gr (0) + Gr ( 1

x )

q4(x) =
αx

x2 − 1
+Gu(x) +Gv (x) −Gr (x) + Gr (0)−Gr ( 1

x )

q5(x) = Gu(x)−Gu(0) + Gu( 1
x ) −Gv (x) + Gv (0)−Gv ( 1

x )

(16)

From q1 and q2 we can read off S = 0 (zero AdS angular momentum) and α = ∆/2g.
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The ansatz we’ll use is this:

At large x the monodromy matrix is

Ω(x) = 1 +
1
x

ˆ

dσjτ + ...

and thus the asymptotic behaviour of the quasi-momenta contains information about the charges.
(The exact relation is (15) below.)

The quasi-momenta p̃i and p̂i describe the bosonic sector of type IIA string theory on AdS4×
CP3. While this is all we will need in this paper, it will be convenient to work in a formalism with
explicit OSp(2, 2|6) symmetry. To do this we define ten new quasi-momenta qi as [9]

{q1, q2, q3, q4, q5} =
1
2
{p̂1 + p̂2, p̂1 − p̂2, p̃1 + p̃2,−p̃2 − p̃4, p̃1 + p̃4}

and
{q6, q7, q8, q9, q10} = {−q5,−q4,−q3,−q2,−q1} .

The functions qi now define a ten-sheeted Riemann surface.

4.2 Relations and charges

The ten quasi-momenta qi . must obey the following relations: [9]

1. Only five are independent: {q6, q7, q8, q9, q10} = {−q5,−q4,−q3,−q2,−q1}.

2. Square-root branch cut condition: q+
i (x)− q−j (x) = 2πnij , x ∈ Cij .

3. Synchronised poles: the residues at x = ±1 are the same α±/2 for q1, q2, q3, q4, while q5

does not have a pole there.

4. Inversion symmetry: q1( 1
x ) = −q2(x), q3( 1

x ) = 2πm − q4(x) and q5( 1
x ) = q5(x). This m ∈ Z

gives the momentum: p = 2πm.

5. Asymptotic behaviour as x →∞:





q1

q2

q3

q4

q5




=

1
2gx





∆ + S
∆− S
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L + Mr −Mu −Mv
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
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+ o(

1
x2 ) =

1
2gx





∆ + S
∆− S

J1

J2

J3




+ ... (15)

where λ = 8g2 (i.e. 4g =
√

2λ).

The ansatz used by [12], for solutions mostly in CP3, is the following:

q1(x) =
αx

x2 − 1
q2(x) =

αx
x2 − 1

q3(x) =
αx

x2 − 1
+Gu(0)−Gu( 1

x ) +Gv (0)−Gv ( 1
x ) +Gr (x)−Gr (0) + Gr ( 1

x )

q4(x) =
αx

x2 − 1
+Gu(x) +Gv (x) −Gr (x) + Gr (0)−Gr ( 1

x )

q5(x) = Gu(x)−Gu(0) + Gu( 1
x ) −Gv (x) + Gv (0)−Gv ( 1

x )

(16)

From q1 and q2 we can read off S = 0 (zero AdS angular momentum) and α = ∆/2g.
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The ansatz we’ll use is this:

At large x the monodromy matrix is

Ω(x) = 1 +
1
x

ˆ

dσjτ + ...

and thus the asymptotic behaviour of the quasi-momenta contains information about the charges.
(The exact relation is (15) below.)

The quasi-momenta p̃i and p̂i describe the bosonic sector of type IIA string theory on AdS4×
CP3. While this is all we will need in this paper, it will be convenient to work in a formalism with
explicit OSp(2, 2|6) symmetry. To do this we define ten new quasi-momenta qi as [9]

{q1, q2, q3, q4, q5} =
1
2
{p̂1 + p̂2, p̂1 − p̂2, p̃1 + p̃2,−p̃2 − p̃4, p̃1 + p̃4}

and
{q6, q7, q8, q9, q10} = {−q5,−q4,−q3,−q2,−q1} .

The functions qi now define a ten-sheeted Riemann surface.

4.2 Relations and charges

The ten quasi-momenta qi . must obey the following relations: [9]

1. Only five are independent: {q6, q7, q8, q9, q10} = {−q5,−q4,−q3,−q2,−q1}.

2. Square-root branch cut condition: q+
i (x)− q−j (x) = 2πnij , x ∈ Cij .

3. Synchronised poles: the residues at x = ±1 are the same α±/2 for q1, q2, q3, q4, while q5

does not have a pole there.

4. Inversion symmetry: q1( 1
x ) = −q2(x), q3( 1

x ) = 2πm − q4(x) and q5( 1
x ) = q5(x). This m ∈ Z

gives the momentum: p = 2πm.

5. Asymptotic behaviour as x →∞:




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q2

q3

q4

q5


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
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

∆ + S
∆− S
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J3




+ ... (15)

where λ = 8g2 (i.e. 4g =
√

2λ).

The ansatz used by [12], for solutions mostly in CP3, is the following:

q1(x) =
αx

x2 − 1
q2(x) =

αx
x2 − 1

q3(x) =
αx

x2 − 1
+Gu(0)−Gu( 1

x ) +Gv (0)−Gv ( 1
x ) +Gr (x)−Gr (0) + Gr ( 1

x )

q4(x) =
αx

x2 − 1
+Gu(x) +Gv (x) −Gr (x) + Gr (0)−Gr ( 1

x )

q5(x) = Gu(x)−Gu(0) + Gu( 1
x ) −Gv (x) + Gv (0)−Gv ( 1

x )

(16)

From q1 and q2 we can read off S = 0 (zero AdS angular momentum) and α = ∆/2g.
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Synchronised poles,                  and (from q1 q2) S = 0. 

At large x the monodromy matrix is

Ω(x) = 1 +
1
x

ˆ

dσjτ + ...

and thus the asymptotic behaviour of the quasi-momenta contains information about the charges.
(The exact relation is (15) below.)

The quasi-momenta p̃i and p̂i describe the bosonic sector of type IIA string theory on AdS4×
CP3. While this is all we will need in this paper, it will be convenient to work in a formalism with
explicit OSp(2, 2|6) symmetry. To do this we define ten new quasi-momenta qi as [9]

{q1, q2, q3, q4, q5} =
1
2
{p̂1 + p̂2, p̂1 − p̂2, p̃1 + p̃2,−p̃2 − p̃4, p̃1 + p̃4}

and
{q6, q7, q8, q9, q10} = {−q5,−q4,−q3,−q2,−q1} .

The functions qi now define a ten-sheeted Riemann surface.

4.2 Relations and charges

The ten quasi-momenta qi . must obey the following relations: [9]

1. Only five are independent: {q6, q7, q8, q9, q10} = {−q5,−q4,−q3,−q2,−q1}.

2. Square-root branch cut condition: q+
i (x)− q−j (x) = 2πnij , x ∈ Cij .

3. Synchronised poles: the residues at x = ±1 are the same α±/2 for q1, q2, q3, q4, while q5

does not have a pole there.

4. Inversion symmetry: q1( 1
x ) = −q2(x), q3( 1

x ) = 2πm − q4(x) and q5( 1
x ) = q5(x). This m ∈ Z

gives the momentum: p = 2πm.

5. Asymptotic behaviour as x →∞:





q1

q2

q3

q4

q5




=

1
2gx





∆ + S
∆− S
L−Mr

L + Mr −Mu −Mv

Mv −Mu




+ o(

1
x2 ) =

1
2gx





∆ + S
∆− S

J1

J2

J3




+ ... (15)

where λ = 8g2 (i.e. 4g =
√

2λ).

The ansatz used by [12], for solutions mostly in CP3, is the following:

q1(x) =
αx

x2 − 1
q2(x) =

αx
x2 − 1

q3(x) =
αx

x2 − 1
+Gu(0)−Gu( 1

x ) +Gv (0)−Gv ( 1
x ) +Gr (x)−Gr (0) + Gr ( 1

x )

q4(x) =
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x )
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x ) −Gv (x) + Gv (0)−Gv ( 1

x )

(16)

From q1 and q2 we can read off S = 0 (zero AdS angular momentum) and α = ∆/2g.
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but only the first two contribute to 

The functions Gu, Gv , Gr control the CP3 part of the curve q3, q4, q5 and so, asymptotically,
the SU(4) excitation numbers Mu, Mv , Mr . Their values at x = 0 control the momentum12

p = 2πm = q3

(
1
x

)
+ q4(x). (17)

The Dynkin labels of SU(4) are related to the excitation numbers by



p1

q
p2



 =




L− 2Mu + Mr

Mu + Mv − 2Mr

L− 2Mv + Mr



 ∈ Z3
≥0

These can be combined into the SO(6) charges:



J1

J2

J3



 =




q + (p1 + p2)/2

(p1 + p2)/2
(p2 − p1)/2



 =




L−Mr

L + Mr −Mu −Mv

Mu −Mv





which are in turn combined into the magnons’ major and minor charges:

J = J1 + J2 = 2L−Mu −Mv = p1 + q + p2

Q = J1 − J2 = Mu + Mv − 2Mr = q

4.3 Giant magnons in the curve

Giant magnons were first studied using the algebraic curve in [10], where it was shown that
they correspond to logarithmic cuts (see also [42]). For the case of CP3, two different kinds of
giant magnons were given by [11], who named them ‘small’ and ‘big’. These can be constructed
by setting some of the resolvents in the above ansatz to

Gmag(x) = −i log
(

x − X +

x − X−

)
(18)

where X− is the complex conjugate of X +.

• The first kind is the ‘small giant magnon’ with

Gv (x) = Gmag(x), Gu = Gr = 0.

The charges read off from this curve are:

p = −i log
X +

X−
, Q = −i2g

(
X + − X− +

1
X + −

1
X−

)
,

J = 2∆ + i2g
(

X + − X− − 1
X + +

1
X−

)
, J3 = Q. (19)

These can be put together to give the dispersion relation

∆− J
2

=

√
Q2

4
+ 16g2 sin2

(p
2

)
.

12For a closed string m ∈ Z, however, we want to consider a single giant magnon which in general is not a closed
string. Hence we will relax this condition and consider general p. To get a physical state this momentum condition
should be imposed. This can be done by considering multi-magnon states [20,12].
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4. Inversion symmetry: q1( 1
x ) = −q2(x), q3( 1

x ) = 2πm − q4(x) and q5( 1
x ) = q5(x). This m ∈ Z
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Each of Gu Gv Gr  satisfies inversion symmetry,
but only the first two contribute to 

The functions Gu, Gv , Gr control the CP3 part of the curve q3, q4, q5 and so, asymptotically,
the SU(4) excitation numbers Mu, Mv , Mr . Their values at x = 0 control the momentum12

p = 2πm = q3

(
1
x

)
+ q4(x). (17)

The Dynkin labels of SU(4) are related to the excitation numbers by



p1

q
p2



 =




L− 2Mu + Mr

Mu + Mv − 2Mr

L− 2Mv + Mr



 ∈ Z3
≥0

These can be combined into the SO(6) charges:



J1

J2

J3



 =




q + (p1 + p2)/2

(p1 + p2)/2
(p2 − p1)/2



 =




L−Mr

L + Mr −Mu −Mv

Mu −Mv





which are in turn combined into the magnons’ major and minor charges:

J = J1 + J2 = 2L−Mu −Mv = p1 + q + p2

Q = J1 − J2 = Mu + Mv − 2Mr = q

4.3 Giant magnons in the curve

Giant magnons were first studied using the algebraic curve in [10], where it was shown that
they correspond to logarithmic cuts (see also [42]). For the case of CP3, two different kinds of
giant magnons were given by [11], who named them ‘small’ and ‘big’. These can be constructed
by setting some of the resolvents in the above ansatz to

Gmag(x) = −i log
(

x − X +

x − X−

)
(18)

where X− is the complex conjugate of X +.

• The first kind is the ‘small giant magnon’ with

Gv (x) = Gmag(x), Gu = Gr = 0.

The charges read off from this curve are:

p = −i log
X +

X−
, Q = −i2g

(
X + − X− +

1
X + −

1
X−

)
,

J = 2∆ + i2g
(

X + − X− − 1
X + +

1
X−

)
, J3 = Q. (19)

These can be put together to give the dispersion relation

∆− J
2

=

√
Q2

4
+ 16g2 sin2

(p
2

)
.

12For a closed string m ∈ Z, however, we want to consider a single giant magnon which in general is not a closed
string. Hence we will relax this condition and consider general p. To get a physical state this momentum condition
should be imposed. This can be done by considering multi-magnon states [20,12].
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=
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.

12For a closed string m ∈ Z, however, we want to consider a single giant magnon which in general is not a closed
string. Hence we will relax this condition and consider general p. To get a physical state this momentum condition
should be imposed. This can be done by considering multi-magnon states [20,12].
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4.3 Giant magnons in the curve
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giant magnons were given by [11], who named them ‘small’ and ‘big’. These can be constructed
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Gmag(x) = −i log
(

x − X +

x − X−

)
(18)

where X− is the complex conjugate of X +.

• The first kind is the ‘small giant magnon’ with

Gv (x) = Gmag(x), Gu = Gr = 0.

The charges read off from this curve are:

p = −i log
X +

X−
, Q = −i2g

(
X + − X− +

1
X + −

1
X−

)
,

J = 2∆ + i2g
(

X + − X− − 1
X + +

1
X−

)
, J3 = Q. (19)

These can be put together to give the dispersion relation

∆− J
2

=

√
Q2

4
+ 16g2 sin2

(p
2

)
.

12For a closed string m ∈ Z, however, we want to consider a single giant magnon which in general is not a closed
string. Hence we will relax this condition and consider general p. To get a physical state this momentum condition
should be imposed. This can be done by considering multi-magnon states [20,12].
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Shenderovich’s Giant Magnons -- insert

Small Magnon: set
and expand things, read off:

         which give dispersion relation:
 

(another small: u     v, J3 changes sign.)

Big Magnon: set instead 

thus dispersion relation:

This Qu is just a parameter!
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should be imposed. This can be done by considering multi-magnon states [20,12].
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• We can make another kind of small magnon with Gu instead of Gv . The only change is in
the sign of J3 = −Q.

• Then there is the ‘big giant magnon’, which has

Gu(x) = Gv (x) = Gr (x) = Gmag(x)

from which we obtain the charges

p = −2i log
X +

X−
, Q = 0,

J = 2∆ + i4g
(

X + − X− − 1
X + +

1
X−

)
, J3 = 0. (20)

This is the curve used by [11], and to get the dispersion relation, we must use not the
total Q but rather Qu, the contribution from just the u part (which is cancelled by the v
part in the full solution). This is the same function of X± as for the small giant magnon
(19) above. The result is

∆− J
2

=
√

Q2
u + 64g2 sin2

(p
4

)
.

For this solution, E = ∆− J/2 is a function of two parameters, Qu and p, but Qu is not an
asymptotic charge of the full solution. Unlike the ordinary dyonic giant magnons, which
are two-parameter two-momentum solutions, here there is only one angular momentum.

Finally, we can also put one small magnon into each sector, Gv (x) = Gu(x) = Gmag(x) but with
Gr = 0. For each of the charges (including both ∆ and p) we obtain the sum of those of each
of the constituent small giant magnons, and write Q = Qu + Qv etc. Thus we get dispersion
relation

∆− J
2

=

√
Q2

u
4

+ 16g2 sin2
(pu

2

)
+

√
Q2

v
4

+ 16g2 sin2
(pv

2

)

=

√
Q2

4
+ 64g2 sin2

(p
4

)

If we were to write this in terms of the momentum pu of one constituent magnon, rather than
the total p, then we would have sin2(pu/2), as in [12]. Note that this solution has total J3 = 0
(like the big magnon).

We summarise all of these properties, and more, in table 2.

4.4 Coalescence of non-dyonic solutions

Notice that in the non-dyonic limit Q " g, and Qu " g, the dispersion relations for the pair of
small magnons and the big magnon agree. This is not limited to just the dispersion relation: in
this limit, X± = e±ip/4 (in both cases) and thus we have

Gmag(x)−Gmag(0) + Gmag

(
1
x

)
= 0. (21)

Looking at the ansatz (16), this is equivalent to setting Gr = 0. Thus the big giant magnon
becomes the same algebraic curve as the pair of small magnons, in this limit.

For the small giant magnon, the same identity implies that q5 = 0 in the non-dyonic limit.
This removes the difference between curves for the u and v small giant magnons.
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Shenderovich’s Giant Magnons -- insert

Small Magnon: set
and expand things, read off:

         which give dispersion relation:
 

(another small: u     v, J3 changes sign.)

Big Magnon: set instead 

thus dispersion relation:

This Qu is just a parameter!

The functions Gu, Gv , Gr control the CP3 part of the curve q3, q4, q5 and so, asymptotically,
the SU(4) excitation numbers Mu, Mv , Mr . Their values at x = 0 control the momentum12
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+ q4(x). (17)
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12For a closed string m ∈ Z, however, we want to consider a single giant magnon which in general is not a closed
string. Hence we will relax this condition and consider general p. To get a physical state this momentum condition
should be imposed. This can be done by considering multi-magnon states [20,12].
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• We can make another kind of small magnon with Gu instead of Gv . The only change is in
the sign of J3 = −Q.

• Then there is the ‘big giant magnon’, which has

Gu(x) = Gv (x) = Gr (x) = Gmag(x)

from which we obtain the charges

p = −2i log
X +

X−
, Q = 0,

J = 2∆ + i4g
(

X + − X− − 1
X + +

1
X−

)
, J3 = 0. (20)

This is the curve used by [11], and to get the dispersion relation, we must use not the
total Q but rather Qu, the contribution from just the u part (which is cancelled by the v
part in the full solution). This is the same function of X± as for the small giant magnon
(19) above. The result is

∆− J
2

=
√

Q2
u + 64g2 sin2

(p
4

)
.

For this solution, E = ∆− J/2 is a function of two parameters, Qu and p, but Qu is not an
asymptotic charge of the full solution. Unlike the ordinary dyonic giant magnons, which
are two-parameter two-momentum solutions, here there is only one angular momentum.

Finally, we can also put one small magnon into each sector, Gv (x) = Gu(x) = Gmag(x) but with
Gr = 0. For each of the charges (including both ∆ and p) we obtain the sum of those of each
of the constituent small giant magnons, and write Q = Qu + Qv etc. Thus we get dispersion
relation

∆− J
2

=

√
Q2

u
4

+ 16g2 sin2
(pu

2

)
+

√
Q2

v
4

+ 16g2 sin2
(pv

2

)

=

√
Q2

4
+ 64g2 sin2

(p
4

)

If we were to write this in terms of the momentum pu of one constituent magnon, rather than
the total p, then we would have sin2(pu/2), as in [12]. Note that this solution has total J3 = 0
(like the big magnon).

We summarise all of these properties, and more, in table 2.

4.4 Coalescence of non-dyonic solutions

Notice that in the non-dyonic limit Q " g, and Qu " g, the dispersion relations for the pair of
small magnons and the big magnon agree. This is not limited to just the dispersion relation: in
this limit, X± = e±ip/4 (in both cases) and thus we have

Gmag(x)−Gmag(0) + Gmag

(
1
x

)
= 0. (21)

Looking at the ansatz (16), this is equivalent to setting Gr = 0. Thus the big giant magnon
becomes the same algebraic curve as the pair of small magnons, in this limit.

For the small giant magnon, the same identity implies that q5 = 0 in the non-dyonic limit.
This removes the difference between curves for the u and v small giant magnons.
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We’ll also want 
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All the charges add, so we get
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The Matching Problem

In 2008, it looked like:

(One could have noticed that the bound state of [Spradlin & Volovich 2006] has 
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We summarise all of these properties, and more, in table 2.

4.4 Coalescence of non-dyonic solutions

Notice that in the non-dyonic limit Q " g, and Qu " g, the dispersion relations for the pair of
small magnons and the big magnon agree. This is not limited to just the dispersion relation: in
this limit, X± = e±ip/4 (in both cases) and thus we have

Gmag(x)−Gmag(0) + Gmag

(
1
x

)
= 0. (21)

Looking at the ansatz (16), this is equivalent to setting Gr = 0. Thus the big giant magnon
becomes the same algebraic curve as the pair of small magnons, in this limit.

For the small giant magnon, the same identity implies that q5 = 0 in the non-dyonic limit.
This removes the difference between curves for the u and v small giant magnons.
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Pair RP 3 A perfect match.

? CP 1 Finite-J: AFZ-like

Small ? Finite-J: zero?

Big ?

[Luckowski & Sax, 2008]

with same X+



But then three things happened:

1. We fixed the finite-J calculation       ( = AFZ when not dyonic.)

2. The dressed solution appeared       (Perfect!)

3. We found the CP 2 dyonic magnon  (Comes in two polarisations.)

So the table becomes:

Have already discussed 2 & 3, so we now turn to 1.

Pair RP 3 non-dyonic is RP 2

Small CP 2 non-dyonic is CP 1

Big Dressed non-‘dyonic’ is RP 2



Finite-size corrections

The effect of J < Infinity is to replace:

with this:

where                                           and             . 

In q, the structure is more complicated:

The functions Gu, Gv , Gr control the CP3 part of the curve q3, q4, q5 and so, asymptotically,
the SU(4) excitation numbers Mu, Mv , Mr . Their values at x = 0 control the momentum12

p = 2πm = q3

(
1
x

)
+ q4(x). (17)

The Dynkin labels of SU(4) are related to the excitation numbers by



p1

q
p2



 =




L− 2Mu + Mr

Mu + Mv − 2Mr

L− 2Mv + Mr



 ∈ Z3
≥0

These can be combined into the SO(6) charges:



J1

J2

J3



 =




q + (p1 + p2)/2

(p1 + p2)/2
(p2 − p1)/2



 =




L−Mr

L + Mr −Mu −Mv

Mu −Mv





which are in turn combined into the magnons’ major and minor charges:

J = J1 + J2 = 2L−Mu −Mv = p1 + q + p2

Q = J1 − J2 = Mu + Mv − 2Mr = q

4.3 Giant magnons in the curve

Giant magnons were first studied using the algebraic curve in [10], where it was shown that
they correspond to logarithmic cuts (see also [42]). For the case of CP3, two different kinds of
giant magnons were given by [11], who named them ‘small’ and ‘big’. These can be constructed
by setting some of the resolvents in the above ansatz to

Gmag(x) = −i log
(

x − X +

x − X−

)
(18)

where X− is the complex conjugate of X +.

• The first kind is the ‘small giant magnon’ with

Gv (x) = Gmag(x), Gu = Gr = 0.

The charges read off from this curve are:

p = −i log
X +

X−
, Q = −i2g

(
X + − X− +

1
X + −

1
X−

)
,

J = 2∆ + i2g
(

X + − X− − 1
X + +

1
X−

)
, J3 = Q. (19)

These can be put together to give the dispersion relation

∆− J
2

=

√
Q2

4
+ 16g2 sin2

(p
2

)
.

12For a closed string m ∈ Z, however, we want to consider a single giant magnon which in general is not a closed
string. Hence we will relax this condition and consider general p. To get a physical state this momentum condition
should be imposed. This can be done by considering multi-magnon states [20,12].
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5 Finite-size corrections in the curve

These corrections were studied by [12], where the basic technique is to replace Gmag(x) with
the resolvent

Gfinite(x) = −2i log
( √

x − X + +
√

x − Y +
√

x − X− +
√

x − Y−

)
(22)

where Y± are points shifted by some small amount δ # 1 away from X±:13

Y± = X±
(

1± iδe±iφ
)

(23)

When δ = 0 this new Gfinite(x) clearly reduces to the infinite-size magnon resolvent (18). This
form of resolvent was found based on work [20], and finite-J corrections to the S2 magnon were
computed using this in [22].

5.1 Finite-size small giant magnon

The first example we study is the magnon created by setting Gu(x) = Gfinite(x) in the general
ansatz (16), with Gv = Gr = 0. This one we discuss in the most detail, as subsequent examples
are similar. We write

X± = r eip0/2

in terms of which p = p0 + δp(1) + δ2p(2) + o(δ3) and

E = ∆− J
2

= 4g
r2 + 1

2r
sin

(p
2

)
− δ

2
J(1) −

δ2

2
J(2) + o(δ3)

Q = 8g
r2 − 1

2r
sin

(p
2

)
+ δ Q(1) + δ2Q(2) + o(δ3) (24)

We give formulae for these expansions in the appendix. From the full asymptotic charges, we
can calculate the energy correction in terms of δ. The first nonzero contribution is at order δ2:

δE =
(

∆− J
2

)
−

√
Q2

4
+ 16g2 sin2

(p
2

)

= −δ2 g
4

cos(2φ)
2r

1 + r2 sin
(p

2

)
+ o(δ3) (25)

The function Gfinite(x) has a square-root branch cut from X + to Y +, which in the curve (16)
we choose to make connect sheets q4 and q6 = −q5. We can then fix δ using the branch cut
condition:

2πn = q4(x+)− q6(x−)

=
2αx

x2 − 1
+ G+

finite(X +) + G−finite(X +)−Gfinite(0) + Gfinite

(
1

X +

)

The superscript G− is to indicate that this term is evaluated on the other side of the cut from
the others (and thus has the opposite sign between the terms of the numerator inside G). After
taking this account we may take both evaluation points x± to be at x = X +. Figure 3 shows the

13Note that this is a different choice of φ to that used in [20, 22, 12]. It is chosen to separate φ, which gives the
orientation factor cos(2φ) in δE , from the phase of X±, which is sometimes p/2 and sometimes p/4.
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X+

X-

X+

Y+

from G(x)
from G(1/x)

[Minahan & Sax, 2008]



Finite-size Small Giant magnon

Defined by                          which depends on 
and on        through                                     . 

1. Expand charges to find the correction:

2. Impose the branch cut condition:

implies
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orientation factor cos(2φ) in δE , from the phase of X±, which is sometimes p/2 and sometimes p/4.
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cuts and the points used. The result is

δ =
8i e−ip/4eiπne−iφ
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r2 − 1 sin( p

2 )
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e−ip/2 − r2eip/2
exp
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e−ip/2 − r2eip/2

)
= eiψ |δ|

In order to have a real energy correction, we demand that δ be real. We then find the correction
to be
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where we define
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2 ) = 4g2 (r2 − 1)2

r2 + 16g2 sin2
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)

and note that, in the present ‘small’ case, S( p
2 ) = Q2

4 sin2( p
2 ) + 16g2 sin2 ( p

2

)
→ E2 when r → 1.

Three comments

• Our result (26) is for the dyonic case Q/g ∼ 1. As written it appears that δE → 0 in the
non-dyonic limit r → 1, but this isn’t correct. We’ve implicitly assumed, when expanding
in δ, that δ % r − 1 ∼

√
Q/g, and this forbids taking r → 1. However, we can derive the

correction for the non-dyonic case by writing r = 1 + kδ before assuming that δ is small,
then expanding in δ, fixing δ using the branch cut, and only then taking the limit k → 0.
The result is the AFZ form:

δEr=1 = −16g cos(2φ) sin3
(p

2

)
e−2∆/E + o(δ3). (27)
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5 Finite-size corrections in the curve

These corrections were studied by [12], where the basic technique is to replace Gmag(x) with
the resolvent
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√
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x − Y−

)
(22)

where Y± are points shifted by some small amount δ # 1 away from X±:13

Y± = X±
(
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(23)
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The function Gfinite(x) has a square-root branch cut from X + to Y +, which in the curve (16)
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The superscript G− is to indicate that this term is evaluated on the other side of the cut from
the others (and thus has the opposite sign between the terms of the numerator inside G). After
taking this account we may take both evaluation points x± to be at x = X +. Figure 3 shows the

13Note that this is a different choice of φ to that used in [20, 22, 12]. It is chosen to separate φ, which gives the
orientation factor cos(2φ) in δE , from the phase of X±, which is sometimes p/2 and sometimes p/4.
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3. Demand that delta be real:

4. And get the answer:

where 

The non-dyonic limit (r → 1) of this is tricky.
We have implicitly assumed that
so can’t simply set Q = 0. 

Being careful, we can recover AFZ form
and also closure condition   

• The condition that δ be real is that its phase ψ must be 0 or π:

ψ = nπ − p
4
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∆ Q cot( p
2 )

4S( p
2 )

− 1
2

arctan
(

2E
Q

tan( p
2 )

)
= 0 or π.

Like the energy correction (26), this expression is for the dyonic case; the phase of δ in
the non-dyonic limit r → 1 is instead

ψr=1 = 2πn − p
2

= 0 or π

where we have assumed cos(2φ) = ±1. This implies p = 0 mod 2π, which is exactly the
usual condition for a closed string.

• Finally, notice that the the same factor cos(2φ) appears in these results as in the sigma-
model results (9), which we interpreted there as a geometric angle between adjacent
magnons. Here we can observe that for the identity (21) to hold at the evaluation point
x = X + (in the limit δ → 0, as well as r → 1) , we must set cos(2φ) = ±1.

5.2 Finite-size pair of small magnons

The non-dyonic r = 1 case for the pair of small magnons was studied in [12], who obtained

δEr=1 = −32g cos(2φ) sin3
(p

4

)
e−2∆/E + ... .

This result can also be obtained by adding together all the charges of two small magnons,
giving twice the correction (27). However the dyonic case cannot be be obtained by adding
together two dyonic finite-J small magnons: they interact with each other. For this case we
must perform a similar analysis to that for the small giant magnon above.

The curve is Gu = Gv = Gfinite and Gr = 0, and we now set

X± = re±ip0/4

giving p = p0 + ... and E = 8g r2+1
2r sin

( p
4

)
+ ..., Q = 16g r2−1

2r sin
( p

4

)
+ ... .14 The energy correction

in terms of δ reads
δE = −δ2 g

2
cos(2φ)

2r
r2 + 1

sin
(p

4

)
+ ... .

We then fix δ using the branch cut condition connecting sheets15 q4 and q7 = −q4

2πn = q4(x+)− q7(x−)

=
2αx

x2 − 1
+ 2G+

finite(X +) + 2G−finite(X +)

and find the final energy correction

δE = −256g2 cos(2φ)
1
E sin4

(p
4

)
e−∆E

/
2S( p

4 ) + ... . (28)

This has the same form as the S5 string result, and exactly matches the RP3 magnon’s correc-
tion (9).

14As before, we give these expansions in δ in the appendix.
15In [12] a condition for the Gv component to connect sheets q4 and q5 is used instead. (This involves separating

the two cuts slightly, so that q5 != 0. The Gu component has instead a cut connecting q4 and q6, which gives the same
equation.) The resulting condition is the same as that given here except n is replaced by 2n.
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cuts and the points used. The result is
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In order to have a real energy correction, we demand that δ be real. We then find the correction
to be
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where we define
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and note that, in the present ‘small’ case, S( p
2 ) = Q2
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2 ) + 16g2 sin2 ( p
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)
→ E2 when r → 1.

Three comments

• Our result (26) is for the dyonic case Q/g ∼ 1. As written it appears that δE → 0 in the
non-dyonic limit r → 1, but this isn’t correct. We’ve implicitly assumed, when expanding
in δ, that δ % r − 1 ∼

√
Q/g, and this forbids taking r → 1. However, we can derive the

correction for the non-dyonic case by writing r = 1 + kδ before assuming that δ is small,
then expanding in δ, fixing δ using the branch cut, and only then taking the limit k → 0.
The result is the AFZ form:

δEr=1 = −16g cos(2φ) sin3
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2

)
e−2∆/E + o(δ3). (27)
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Three comments

• Our result (26) is for the dyonic case Q/g ∼ 1. As written it appears that δE → 0 in the
non-dyonic limit r → 1, but this isn’t correct. We’ve implicitly assumed, when expanding
in δ, that δ % r − 1 ∼
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Q/g, and this forbids taking r → 1. However, we can derive the

correction for the non-dyonic case by writing r = 1 + kδ before assuming that δ is small,
then expanding in δ, fixing δ using the branch cut, and only then taking the limit k → 0.
The result is the AFZ form:
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in δ, that δ % r − 1 ∼
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Q/g, and this forbids taking r → 1. However, we can derive the
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then expanding in δ, fixing δ using the branch cut, and only then taking the limit k → 0.
The result is the AFZ form:

δEr=1 = −16g cos(2φ) sin3
(p

2

)
e−2∆/E + o(δ3). (27)

16

X+

X−

1/X−

Y +

Y −

|x|
=

1
1/Y −x+

x−

Figure 3: Branch cuts & evaluation points. On the left, the situation for the pair of small magnons, where
only the cuts for Gfinite(x) appear. The evaluation points x± straddle the cut from X + to Y +,
which is at radius |x | = r . On the right, the cuts in Gfinite(1/x) are drawn too, which is the
situation encountered in the ‘small’ and ‘big’ magnons. The evaluation points are on the same
side of the cut from 1/X + to 1/Y +, and remain so even when we take the non-dyonic limit r → 1.
(These are drawn for φ = 0.)

cuts and the points used. The result is

δ =
8i e−ip/4eiπne−iφ

√
r2 − 1 sin( p

2 )
√

e−ip/2 − r2eip/2
exp

(
i∆r/4g

e−ip/2 − r2eip/2

)
= eiψ |δ|

In order to have a real energy correction, we demand that δ be real. We then find the correction
to be

δE = −32g cos(2φ)
r2 − 1
r2 + 1

sin3 ( p
2

)
√

r2 + 1
r2 − 2 cos(p)

e−∆E
/

S( p
2 ) + o(δ3)

= −32g2 cos(2φ)
Q

E
√

S( p
2 )

sin3
(p

2

)
e−∆E

/
S( p

2 ) + o(δ3) (26)

where we define

S( p
2 ) = 4g2 (r2 − 1)2

r2 + 16g2 sin2
(p

2

)

and note that, in the present ‘small’ case, S( p
2 ) = Q2

4 sin2( p
2 ) + 16g2 sin2 ( p

2

)
→ E2 when r → 1.

Three comments

• Our result (26) is for the dyonic case Q/g ∼ 1. As written it appears that δE → 0 in the
non-dyonic limit r → 1, but this isn’t correct. We’ve implicitly assumed, when expanding
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correction for the non-dyonic case by writing r = 1 + kδ before assuming that δ is small,
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• The condition that δ be real is that its phase ψ must be 0 or π:

ψ = nπ − p
4
− φ−

∆ Q cot( p
2 )

4S( p
2 )

− 1
2

arctan
(

2E
Q

tan( p
2 )

)
= 0 or π.

Like the energy correction (26), this expression is for the dyonic case; the phase of δ in
the non-dyonic limit r → 1 is instead

ψr=1 = 2πn − p
2

= 0 or π

where we have assumed cos(2φ) = ±1. This implies p = 0 mod 2π, which is exactly the
usual condition for a closed string.

• Finally, notice that the the same factor cos(2φ) appears in these results as in the sigma-
model results (9), which we interpreted there as a geometric angle between adjacent
magnons. Here we can observe that for the identity (21) to hold at the evaluation point
x = X + (in the limit δ → 0, as well as r → 1) , we must set cos(2φ) = ±1.

5.2 Finite-size pair of small magnons

The non-dyonic r = 1 case for the pair of small magnons was studied in [12], who obtained

δEr=1 = −32g cos(2φ) sin3
(p

4

)
e−2∆/E + ... .

This result can also be obtained by adding together all the charges of two small magnons,
giving twice the correction (27). However the dyonic case cannot be be obtained by adding
together two dyonic finite-J small magnons: they interact with each other. For this case we
must perform a similar analysis to that for the small giant magnon above.

The curve is Gu = Gv = Gfinite and Gr = 0, and we now set

X± = re±ip0/4

giving p = p0 + ... and E = 8g r2+1
2r sin

( p
4

)
+ ..., Q = 16g r2−1

2r sin
( p

4

)
+ ... .14 The energy correction

in terms of δ reads
δE = −δ2 g

2
cos(2φ)

2r
r2 + 1

sin
(p

4

)
+ ... .

We then fix δ using the branch cut condition connecting sheets15 q4 and q7 = −q4

2πn = q4(x+)− q7(x−)

=
2αx

x2 − 1
+ 2G+

finite(X +) + 2G−finite(X +)

and find the final energy correction

δE = −256g2 cos(2φ)
1
E sin4

(p
4

)
e−∆E

/
2S( p

4 ) + ... . (28)

This has the same form as the S5 string result, and exactly matches the RP3 magnon’s correc-
tion (9).

14As before, we give these expansions in δ in the appendix.
15In [12] a condition for the Gv component to connect sheets q4 and q5 is used instead. (This involves separating

the two cuts slightly, so that q5 != 0. The Gu component has instead a cut connecting q4 and q6, which gives the same
equation.) The resulting condition is the same as that given here except n is replaced by 2n.
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Pair of Small Magnons

We recover the S 3 answer: 

and the closure condition                                 . 

Big Magnon

Here we get:

Non-‘dyonic’ limit similarly tricky,
but in the end Big = Pair = RP 2
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e−∆E

/
2S( p

4 ) + ... . (28)

This has the same form as the S5 string result, and exactly matches the RP3 magnon’s correc-
tion (9).

14As before, we give these expansions in δ in the appendix.
15In [12] a condition for the Gv component to connect sheets q4 and q5 is used instead. (This involves separating

the two cuts slightly, so that q5 != 0. The Gu component has instead a cut connecting q4 and q6, which gives the same
equation.) The resulting condition is the same as that given here except n is replaced by 2n.
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In this case there is no difficulty about the r → 1 limit, where it reduces to the RP2 correction
(7). (Note that S( p

4 ) → 1
4E

2 in this limit, rather than E2 as in the small case.)
The phase of δ is, in this case,

ψ =
nπ

2
− p

4
− φ−

∆ Q cot( p
4 )

8S( p
4 )

= 0 or π.

When Q = 0 and φ = 0, this means p/2 = p′ = n′π, n′ ∈ Z, exactly matching the condition for
the RP2 magnon to be a closed string.

5.3 Finite-size big magnon

The curve here is Gu = Gv = Gr = Gfinite. We write X± = r eip0/4, and consider the ‘dyonic’
case in the sense that r > 1, even though Q = 0. Define Qu to be the Q from the small
magnon, which thanks to this choice of p0 now reads Qu = 8g r2−1

2r sin
( p

4

)
+ ..., and we have

E = 8g 1+r2

2r sin
( p

4

)
+ .... Calculating the expansions of the asymptotic charges in δ, we get (as

for the pair case)

δE = −δ2 g
2

cos(2φ)
2r

r2 + 1
sin

(p
4

)
+ ... .

Now for the branch cut condition. We connect sheets q3 and q7 = −q4, at points x± either
side of the cut from X +to Y +, but on the same side of the cut from 1/X + to 1/Y +, obtaining the
matching condition

2πn = q3(x+)− q7(x−)

= 2
αx

x2 − 1
+ G+

finite(x) + G−
finite(x) + 2Gfinite(0)− 2Gfinite

(
1
x

)

This equation fixes δ, and after demanding that it be real, we obtain the correction:

δE = −64g cos(2φ)
r2 + 1

r2 − 2 cos(p/2)
(r2 + 1)(r2 − 1)2 r3 sin3

(p
4

)
e−∆E

/
S( p

4 ) + ...

= −1024g2 cos(2φ)
S( p

4 )
EQ2

u
sin6

(p
4

)
e−∆E

/
S( p

4 ) + ... . (29)

Like our small magnon result, this expression is valid only in the dyonic case. The non-
dyonic limit r → 1 can be approached in the same way as for that case, by setting r = 1 + kδ

before expanding in δ. The limit k → 0 then gives the result

δEr=1 = −32g cos(2φ) sin3
(p

4

)
e−2∆/E + ...

matching the r = 1 limit of the pair of small magnons, (28) above, and thus the RP2 string result
(7).

The phase of δ in this case is

ψ = nπ − p
2
− φ−

∆ Qu cot( p
4 )

2S( p
4 )

+ arctan
(
E

Qu
tan( p

4 )
)

.

As for the small case, this expression is not valid in the non-dyonic case, where instead we get
(in the case cos(2φ) = ±1)

ψr=1 =
nπ

2
− p

4
= 0 or π.
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Type (i): δE < 0
Type (ii): δE > 0

Type (ii): 2φ = π, δE > 0Type (i): 2φ = 0, δE < 0

[Hatsuda & Suzuki, 2008]

[Minahan & Sax, 2008]

[MCA, Aniceto & Sax, 2009]

[Lukowski & Sax, 2008] (non-dyonic:                         )



Summary in the curves:
Mu , Mv , Mr [p1, q, p2] E = ∆− J

2 δE (finite J) Q J3

Vacuum

0, 0, 0 [L, 0, L] 0 — 0 0

Small giant magnon

1, 0, 0 [L− 2, 1, L]
√

2λ sin( p
2 ) −4E sin2 ` p

2

´
e−2∆/E 1 1

Q, 0, 0 [L− 2Q, Q, L]
q

Q2

4 + 2λ sin2( p
2 ) ∝ Q/E

√
S, see (26) Q Q

... and similar with u ↔ v :

0, Q, 0 [L, Q, L− 2Q] (same) (same) Q −Q

Big giant magnon

1, 1, 1 [L− 1, 0, L− 1] 2
√

2λ sin( p
4 ) −4E sin2 ` p

4

´
e−2∆/E 0 0

Qu ,Qu ,Qu [L−Qu , 0, L−Qu ]
q

Q2
u + 8λ sin2( p

4 ) ∝ S/EQ2
u , see (29) 0 0

Pair of small giant magnons

1, 1, 0 [L− 2, 2, L− 2] 2
√

2λ sin( p
4 ) −4E sin2( p

4 )e−2∆/E 2 0

Q
2 , Q

2 , 0 [L−Q, Q, L−Q]
q

Q2

4 + 8λ sin2( p
4 ) Like S5 case, see (28) Q 0

Table 2: Summary of giant magnons in the algebraic curve. In each case we list dyonic (or ‘dyonic’)
solutions, meaning Q ∼

√
λ, below the non-dyonic case. We write these using λ rather than g

for comparison with the string sigma-model results on page 8; the relation is
√

2λ = 4g. (Note
that the AFZ-like result for the pair of small magnons is not new to this paper, it was found
by [12].)
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                         Future

Similar problem with limits in Lüsher calculation?

Comparison with gauge side: big? 

Semiclassical corrections (add poles to curve).


